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Abstract

We study an approximation of the regional segregation problem of two competing species
which is modeled by a two-components reaction-diffusion system. More precisely, we shall prove
the convergence of the sequence of solutions to Stefan-type problems to the solution of the
regional segregation problem, when we make the latent heat converges to zero.
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1 Introduction

In the present work, we are interested in the study of an approximation of the regional segregation
problem of two competing species which is modeled by the following two-components reaction-
diffusion system:

(du (t) = (diAu(t) + h(u(t))dt + B (u)dW;, t>0, € Oy(t),
dv (t) = (d2Av (t) + h (v (t)))dt + B (v)dW;, >0, z€ O,(t),
u=1v=0, t>0, xeT(t),
ou ov

0 dla— —dza—n, t>0, zel(t),
w=nv=0, t>0, z €00,
u(z,0) =wug (x), z € 0, (0),
v (z,0) =vo (z), z € 0,(0),
I'(0) =T,




where I' (¢) is the interface which separates O into two subregions

Ou,(t)={r €O |u(zr)>0andv=0}

and

O,(t)={z€O |v(zr)>0and u=0}

corresponding to the two competing species. We denoted by d; and do the diffusion rates, by 71
and 19 the intrinsic growth rate, and by k; and ke the carrying capacity of v and v, respectively.

For more details see [7].

The previous equation can be rewritten in this form, which is more appropriated to be translated

into a "porous media" formulation.

du (t) = (deAu (t) +
u =0,

2 B =
u =0,
u(z,0) = up (x),
) ="y

( du(t) = (1 Au(t) + h(u ) dt + B (u) dW,
h(u(t))dt + B (u) dWy,

{u>0}ﬂQT,
{U<O}HQT,
t>0, zel(t),
t>0, zel(t),

t>0, ze€00,
xe O,

Since the boundary between the two phases is difficult to describe, we shall study this equation
as the limit of a sequence of two-phase Stefan type problems. More precisely, we shall prove the
convergence of the sequence of solutions to Stefan-type problems to the solution of the regional
segregation problem, when we make the latent heat converges to zero.

A similar problem of vanishing latent heat in a sequence of two-phase Stefan problem was studied by
Tarzia (see [11], [12] and [13]) in a deterministic case without reaction terms. For the deterministic
case with particular forms of reaction diffusion terms see [8]. The stochastic case with linear multi-
plicative noise can be seen as a particular case of [6]. To the best of our knowledge, the convergence
in the stochastic case for an equation with reaction diffusion term, has not yet been treated before

the present paper.

We shall introduce the following two-phase Stefan stochastic differential equation

(du(t) = (diAu(t) + b
du (t) = (d2Au (t) —
=0,
(3) oV = —dy aau+ —dy o
w(t,z) =0,
(0,2) = uo (2),
I'(0) =T,

\

ou~
on

(u(t))) dt + B (u) dWy,

h(—u (1)) dt — B (~u) dWW,,

{u>0}ﬂQT,
{U<O}HQT,
t>0, xel(t),
t>0, xel(t),

t>0, r €00,
x €O,

where O is a bounded open subset of R? with smooth boundary 90 and T > 0. We set Q7 =

O x [0,T] x Q and

L(t)={(,t,w) e Ox[0,T] x Q5 u(,t,w)=0}.



We denote by n the unit normal vector to the free boundary I' (¢) and by V,, its normal velocity.

The equation is considered in the by now classical monotonicity setting by considering the Gelfand
triple L2(0) C (H} (0))" = H™1(0) C (L?(0))" where H{ (O) is the usual Sobolev space
corresponding to the Dirichlet boundary conditions, and with norm |-|;, (Hg (O))* = H1(0)is
the dual of Hj (O) with norm |-|_,, and (L? (O))* is the dual of L? (O) with respect to the structure
of H=1(O). For details, see Example 4.1.11 from [10].

The cylindrical Wiener process W is defined on L? (O) by setting
Wt - Z/Bk (t) €k,
k=1

where {8} ey is a sequence of mutually independent standard one-dimensional Brownian motions
on a filtered probability space (2, F,{F;},,P) satisfying the usual conditions and {ey}, is an or-
thonormal basis in L? (O), formed by the normalized sequence of eigenfunctions of the Laplace
operator with Dirichlet boundary conditions.

The positive parameter o corresponds to the latent heat in the classical Stefan problem.

We shall assume the following Hypotheses.

(Hy) The function h: H~1 (O) — H~! (O) is Lipschitz continuous on H~! (0). Furthermore, h keeps
L% (O) invariant and its restriction to L? (O) is Lipschitz continuous with the usual norm |-|,.

(Hg) For the stochastic noise we shall define the operator
B:H ' (0)— Ly (L*(0);H 1 (0)),

where £y (L? (O0); H! (0)) is the usual space of Hilbert-Schmidt operators. We shall assume
that

IN

C’|ufv]2_1,

C’]u—v[%,

|B(u) — B (U)H%Z(LZ(O);H*(O))
|B(u) — B (U)HQLQ(LQ(O);LQ(O))

IN

and

1B ()| 72010y < Clul?y,s
1B (W)lIZ,(r20y120y) < Cluls,

where C' denotes a generic constant which may change from a line to another.

Remark 1 1. The assumption (Hy) is interesting and reasonable because it can be obtained by the
following construction. Let us consider (ej)j21 to be the eigen-functions of the Laplace operator
with Dirichlet homogeneous conditions belonging to L* (O) with the associated eigen-values Aj
ordered non-decreasingly and forming an orthonormal basis in L? (O). Furthermore, we denote
by €; := \/Ajej in order to obtain an orthonormal basis in H—'(0O).

With these notations, a standard construction of such nonlinear coefficients h consists in picking
a family of Lipschitz-continuous real-functions (hJ)
[hj]l and set

i1 whose Lipschitz constants are set to be

h(x):= Z'Yj <hj (Hspan{61,e27...7ej} x) ,éj>1 €, VxeR,

j>1



for a family {~; : j > 1} C R such that Zj>1 fyjz [hj]f Aj < 0o. The orthogonal project is sought
in H1.

2. Note that the assumptions above on the operator B from the noise are satisfied if we assume that
B is linear or if we construct it in the spirit of the previous assertion.

2 Existence for the Stefan-type equation

We shall treat equation (3) in the framework of nonlinear multi-valued problems of monotone type.
To this purpose we set
T, if r <0,
b (r) =14 [0,0], ifr=0,
r+o, ifr>0.

| dor, ifr <0,
D(T)_{dlr, if r > 0.

We can rewrite the equation (3) as a stochastic variational inequality

dbs (u) 3 (AD (u) + h (u))dt + B (u) dW;, O x (0,T),
) =0, 00 x (0,7),
bo (u) = by (ug) = b2, O x {0}.

By the classical change of variable b, (u) = X, we get the porous media type equation
dX, = (AD (b;' (X5)) + h (b (X5))) dt + B (b, (X5)) dWy, O x (0,T),
(4) D (b,;' (X,)) =0, 00 x (0,T),
X (0) =1, O x {0}.
By an elementary calculus we have
T, r <0,
byl(r)=4 0,  re(0,0),
r—o, r>a0,

and by denoting

dQT‘, r << 0,

D, (r)=D (b, (r) =1 0, re(0,0),
dy(r—o), r>o,
h(r), r <0,

he (r) = h (by" (r)) =< h(0), re(0,0),

and

we can rewrite equation (4) as

dX, = (AD, (X,) + ho (X,)) dt + By (X,)dWi, O x (0,T),
(5) X, =0, 00 x (0,T),
X, (0) =18, O x {0}.



By using the same argument as in [1] page 545, we get that if we have a solution X, to equation
(5) then we have also a weak solution to the Stefan type problem (3).

Concerning the existence of a solution for equation (5) we shall use the variational type of solution,
which is appropriated to the approach which uses the Gelfand triple (For more details see Definition
4.2.1 from [10]).

For readers convenience we recall the definition of this type of solution.

Definition 2 A continuous H=1 (O)-valued, F;— adapted process (X, (t))eejo,r) is called a solution
to (5) on [0, T] if for its dt @ P-equivalence class X we have X € L2 (O x (0,T) x Q) and P-a.s.

(6) X, (1) = 10 + /0 (AD, (Ko (5)) + ho (Ko (5))) ds + /0 B, (X, (s)) dWW..

fort € [0,T) and X, is any L? (O)-valued progressively measurable dt @ P-version of X.

Concerning the existence of the solution, the main difficulty for the equation (5) comes from the
fact that the operator b, ! is not well posed in the space H~! (O) which is the natural space for the
porous media type equations. For this reason we can only treat the following "projected equation".

dXY = (AD, (XY) + Y (X)) dt + BY (X)) dWw,, O x(0,T),
(7) Xy =0, 80 x (0,T),
XN (0) = b3, O x {0},

where

HN

The reader is invited to note that the application above is an orthonormal projection onto H~! ()
and, in particular, |TIV (u)‘_l <lu|l_,.

The operator B, is approximated by BY which is constructed in the same way as hY.
Remark 3 Let o > 0 and h which satisfy the assumption above.

1. Dy, is di V do-Lipschitz as a real-valued function which tmplies the same Lipschitz constant for
D, as an L? (O) operator. In particular, we have a uniform Lipschitz behavior with respect to
the parameter o > 0.

2. The same kind of properties holds true for b;' as real-valued, hence L? (O) operator. The Lips-
chitz constant is 1.

3. Since IV is an orthogonal projector on L2 as well, the coefficients hY (z) := h (b;* (1IN (2))) is
Lipschitz in L* (O) and the uniform (in N > 1 and o > 0) Lipschitz constant is the one h has.



4. The introduction of TV aims at equally guaranteeing the H~' (O)-Lipschitz property of hY uni-
formly in o > 0 (although not in N > 1!). To see this, one writes, for x,y € H-1(0),

g (@) = hg ()| _y < [l b5 (Y (@) = bt (1Y (2)|y < [A]; [bo " (1Y (2)) = 07t (1Y (1),

N]]
[N]]

<l | X woved] =L | X e -va

1<k<N 1<k<n F
1 1
1 2 2
= [h]; Z o (x -y, _Aék>31 = [h]; Z Ak {z =y, ék>%1
1<k<N " 1<k<N

< VA [ [0V @ =)y < VAV [l I =)l

5. Similar arguments are valid for BY .

In order to study the existence of the solution for the previous equation we consider the operator
=AD, +hY : DAY c H 1 (0) - H 1 (0)
where

D(A) = {zeH'(O)NnL'(0);
D, (z) € Hy (0), hY (z) € L*(0)} .

One can easily see that the operators EY and B from equation (7) satisfy the assumptions . . .of
the operators A and B, respectively, from Theorem 4.2.4 from [10] and consequently the equation
above has a unique solution in the sense of the definition mentioned before.

The fact that we replaced the operators h, and B, by hY and BY is not actually changing the
nature of our problem because we have anyway an approximation converging to the limit equation
(corresponding to o = 0) and for the limit equation we can pass also to the limit for N — oco. So we
really treat the announced problem (1), in the sense that we give a result of convergence of solutions
to the solution of equation (1).

3 The convergence of 0 — 0

In this section we shall prove that the solution XV to equation (7) converges to the solution X*V of
the limit equation which corresponds to o = 0, for each NV fixed.

Keeping in mind that for o = 0, we get the function b, ! (r) = by ' () = 7, we can consider the limit
equation

dXN = (AD (XN) + nN (XN)) dt + BV (XV) dW, x (0,T),
(8) XN =o, 80><(, T),
XN (0) = ug, O x {0},

Note that this equation has a unique solution because it satisfies also the assumptions from Theorem
4.2.4 from [10].



Theorem 4 Under the assumptions above we have that XY — X% foro — 0in C ([0,T]; L* (& H1 (0))) .
Proof.

1. In order to get the convergence above, we shall first need to check that the sequence of resolvents
of the operators D, converges to the resolvent of the operator D point-wise.

More precisely, we have that
(9) (14+ADy) " (y) » (1+AD) ' (y), VyeR,
for 1 denoting the identity function and for each fixed A > 0, as ¢ — 0.
Indeed, if we consider, for y € R fixed, the equations

ZTo + A\Dy (z5) =y,

and
z+ AD (z) =y,

by taking the difference, we get that

o —x+ AXN(Dy (x5) — D (z)) = 0.

First, one writes the obvious inequality

Do (25) =D (2)| < |Do (25) = D (25)| + |D (25) = D ()]

Second, the form of D, yields lir% sup,cr |Ds (r) =D (r)] =0 and |D (z5) — D ()| < C|zs — 2|
o—

for some positive constant C, leading to |z, — 2| — 0 for o — 0, which is the desired conclusion.
2. In the spirit of the classical Yosida approximation (up to a strict monotonicity perturbation), let
us introduce, for A > 0,
1
D (z) := 3 (3: —(1+AD,)" " (x)) + Az =D, ((1 +AD,) ! (:C)) + Az, for z € R.
The reader is invited to note that
D) (z) — D* (z), Vz eR,

for each A fixed and by letting the parameter ¢ vanish i.e. ¢ — 0.

For this reason, we shall take the Yosida-like approximation for D, and D, and the corresponding
equations, i.e.

dX%A:(Apg(xﬁﬁ44&(X§f»dt+3§(x¥ﬂdw; O x (0,T),

(10) XN =o, 00 x (0,T),
X527 (0) =1, O x {0},

and

dXNA = (ADN (XNA) 4 BN (XNA)) dt + BN (XNA) dW,, O x (0,T),
(11) XN,)\ _ 07 80 X (07T) )
XNA(0) = up, O x {0}.



To compute the distance between the two associated solutions, we write

E|xY (t) — xV (1)

2
? <CE[xY () - X0 +E[x2A @) - xVA 0

):

2
+E ‘XW () — xN (t)’ 1
for some positive constant C' and for all ¢ € [0, T].

In order to pass to the limit for ¢ — 0 in the relation above it’s sufficient to show that

N N (]
(12) E ‘Xg (t) — X" (t)‘ L 0, uniformly in o, for A — 0,
2
(13) E ‘XN”\ () — xV (t)‘ =0, for A0,
and
2
(14) E ’X(],V)‘ (t) — XNV (t)’ — 0, for o — 0 and for all X fixed.

-1

A similar method was developed in [5] and [6] for the stochastic porous media equation. For this
reason we shall avoid some details.

In order to get the first uniform convergence we shall apply the It6 formula to the H'-norm of
the difference of solutions to the equations (7) and (10), on the time interval [0,¢] (for ¢ < T).
By further taking the expectation, we get

E[X2 (1) - XX (¢ +E/ / =Dy (X)) (x5 - x2) dgds
t t 2
- ]E/ (hy (x2) = (x27) ,XjV—Xf,“> 1ds+CIE/ ’X},V—X;W’ ds.
0 - 0 -

To keep the expression short enough, we have not specified the dependence on space variables
¢ and on the integration times s, but this is unlikely to cause any confusion. By using the
properties of hY and the Gronwall inequality, we get

E‘Xf,v( ~ XN 2 +E/ / ~p (Xj,“)) (X;V —Xj,”) deds < 0.

We have

o f () -n (0 i ()



A D (x) +

e (14 ADy) ! () which yields

At this point, let us note that z = 1+/\2

A A2

“ T D@ - T AP (@),

z—(1+AD,) "

As a consequence, by invoking the monotonicity of D,, and by using at the end the fact that we

2
always have for the resolvent the following relation ‘(1 +AD,) ! (Xév’)‘)‘Q < )X(],V’)‘
that

/ / _p (XN A)) (X;V . Xf,”) deds
> E/ /O D, (X) - D, ((1 +AD,)! (Xf,“))) ((1 +AD,) ! (Xf,”) - Xf,“) deds
0
5 [ [ (12 () + o3 (32 22

(1 22 (38 [+ g |0+ amn) (x) \) déds

Z—ACIE/ /O<(D§ (Xf,“)‘ + D, (X;V)\2+)X;W‘2> déds,
0

2
. it follows

where C' is a constant independent of .
By using the a similar argument to the one from [5] or [6] we have the following estimates.

Proposition 5 Given a fized time horizon T > 0, there exists a generic constant C depending on
T, on the bounds and Lipschitz-constants of hN and BN and the initial datum, but independent
of the approrimating parameters o, A > 0 such that, for every 0 <t < T,

E/t/ UDQ (X;W)‘ZJF D, (XN)]” + ’X;“‘ZJF |X3,V|2] deds < C.
0o JO

where C is a constant depending only on the initial condition on T .

For our readers’ convenience we shall briefly sketch the proof in the Appendix, aiming especially
at clarifying the contribution of the reaction-diffusion term that is not present in the papers
mentioned above. For the time being, we go back to the proof our main result.

The second convergence is based on the same arguments and can be formally seen as the case
when o = 0.

In order to complete the proof, we only need to show that

2
(15) E ‘XCJ,V”\ (t) — XNA (t)‘ L 0, for o — 0 and for all A fixed.

By taking the difference between the two solutions, and applying It6’s formula to the squared
norm |-|* |, we get that

E[x2 (1) - XNA() +IE/ / (23 (x27) =D (X)) (X0 = xN) deds
(16) :E/t<hf,v (X2) =Y (xM2) XA = XN ds
0

t 2 _
+CE /0 ‘ijfv (x) = BY (x) £2(12(0);H1(0))

ds.

9



We shall study each term as follows. Owing to the monotonicity of D), followed by Cauchy-
Schwartz’s inequality, we have

B [ (22 (07) -2 (09 (307 - X aeas
0 JO
B [ (22 (0) -0 (309 (307 - X agas
0 JO
_ (E/t/o ‘DQ (XN,A> _p (XN,A)‘2d5d3>l/2 (E/t/o ’Xﬁ“ _XN,A‘2d5d8>
0 0

The reader is recalled the L? bounds given by Proposition 5, i.e.

t 9 1/2
<IE/ / ‘X;“ —XN’A‘ dgds) <.
0o JO

e t [ (22 (x2) =2 (x)) (33— X s
1/2
> ¢ (E/Ot/@ ‘Dé (XN,A> _ph <XN7/\>‘2d§ds> / :

On the other hand, owing to the Lipschitz-continuity of 2 (uniformly in o) and to the continuous
inclusion L? € H~', one can write

t
IE/ <th (Xf,“) Y (XN”\) , XV —XN”\> ds
0 ~1
E/t <hN (XN,A> _ BN (XN,,\> K NA XN,,\>
0 _
1R /t <hN (XN,,\) _pN (XN,A) XNA _ XN,)\>
0
t 2 t
CE/ ‘chrv,,\ _ XN,/\‘ 1ds+IE/ Y (XN,/\> N (XN,)\)L ‘X(]TV,)\ _XN,)\‘ ds
0 - 0

-1
o (& [ - x asm [ (x0) =¥ (x5 ).

Again, we insist on the generic character of C' changing from one line to another (but still kept
independent of the varying parameters o, A). With a similar argument applied to the last term
of (16), one gets

¢ 2
CE/O ‘Bév (Xév’k) - BY (XN7A> L2(L2(0);H=1(0))

< C (E/Ot‘xﬁvA—XN’A’:derE/ot ‘B},V (XN*A> _ BN (XN”\Mzds).

By going back to (16) and replacing the previous calculus we obtain that

Y

1/2

\Y]

Therefore,

IN

ds
1

ds
1

IN

IN

ds

E X2 (1) - XN (1)

17 < CE/t‘XN’A—XN’A‘Q d +C[<E/t/ ‘D’\ (XN’A) —p (XNvA)(Qdfd >1/2
B ol 7 N 0o Jol T\° 7 ’

+E/Ot ny (XN,,\> _pN (XN’)‘)Eds—FE/Ot‘BchV (XNJ\) _ BN (XN,)\>‘

:

-1

2

, ds.]

10



In order to complete proof, we shall use Gronwall’s inequality and then pass to the limit for
o — 0 with each A and N fixed, in the later three terms from the right hand side of the previous
relation.

e To deal with the term involving D, we use the convergence of the resolvents of D, to the
resolvent of D. We have that

(Dg (XN’A> —p> (XN’A> ‘2 0, ae. on Q% (0,T) x O,

for o0 — 0 with each A and N fixed.

Since

’Dﬁ (XN’A) —_p (XN”\) ’2 < C(\N) ’XN’A‘Q

and .
2
C()\,N)IE/ / ‘XN”\) deds < C
0o JO

we get from the Lebesgue dominated convergence theorem that

(E /t/ )Dg (X;V,A> _p (X;V,A) ’Qdfds> . — 0, for o — 0.
0 JO

e Keeping in mint the form of the operators Y and BY | we can easly show by the same argument
based on the Lebesgue dominated convergence theorem that

/
0

t 2
E/ ’B{,V <XN’A) _BN (XN’A)‘ ds — 0, for o — 0.
0 2

2
Y (XN’A) e (XW) ’2 ds — 0, for 0 — 0

and

This implies the convergence (14) and the proof of the theorem is complete.

In order to obtain the result concerning the equation (1) it is sufficient to pass to the limit for
N — o0 in the equation

dXN = (AD (XN) + nN (XN)) dt + BN (XN)dW;, O x(0,T),
XN =o, 90 x (0,T),
XN (0) = o, O x {0}.

To this purpose we consider the limit equation
dX = (AD(X)+h(X))dt+B(X)dW,, Ox(0,T),
X =0, 00 x (0,T),
X (0) = wo, O x {0}.

Now we can easily prove the following result.

Theorem 6 Under the assumptions above we have that X — X foro — 0 in C ([0, T); L? (Q; H! ((’)))) .

Proof. The result is obtained directly from the construction of A and B, by tacking the difference
between the two equations above and applying the It6 formula in H=1 (0). =

11



4 Appendix

4.1 Proof of Proposition 5

Proof of Proposition 5. One shall first need to take another approximation of the following
type

XN = (— A (X0) Y (x07) ) de+ BY (X07) aw, 0% (0,7),

(18) XNAe =, 00 x (0,T),
X5 (0) = 15, O x {0},

where A)¢ is the Yosida approximation of the operator A) = —AD? in the Hilbert space H~1 (O)
which is defined by

9

27w = =g w) =43 ((1+ead) ),

for e >0, u € H*(0), and where J. (u) = (1+ sA(j\,)_l (u).

Keeping in mind the properties of Dé, the reader is invited to notice that the operator ANF s
Lipschitz in H~1 (O) and also in L? (O). For this reason one can use classical existence theory for
the equation above in both spaces where the drift is Lipschitz.

By applying the It6 formula with the L? (O) norm, we get by using the same argument as in Lemma
3.1 from [3] that

2
E X2 (0)] < Cluol3

where C' is a constant independent of N, \,e and o. Therefore, we have as in Lemma 3.1 from [3]
that

2
ess supE ‘X(],V’)‘ (t)‘ < Clugl; -
te[0,7) 2
Finally, from the properties of the Yosida approximation, and keeping in mind that the operator

D, is Lipschitz, we have that
t 2
IE/ / ‘Dg (Xé”)‘ deds
0 JO

t 2
IE/O /O\pg (x| deas
CE/t/ ‘X;V’Alzdfdsg C.
0o JO

IN

IN

The properties of the operator D, are used to get

t A2
IE/O/O}DJ(XU)‘ déds < C

with C also a constant independent of A. The proof of the proposition is now complete. m
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