Optimality conditions for stochastic porous media
equation under general growth conditions

Ioana Ciotir, Nicolas Forcadel, Hasnaa Zidani
LMI, Normandy University, INSA de Rouen Normandy,
76000 Rouen, France

March 31, 2023

Abstract

We study an optimal control problem for a stochastic porous media
equation. More precisely we prove existence of an optimal control and to
obtain first order necessary conditions (Pontryagin principle) for this type
of equations.
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1 Introduction

In this work we are interested to solve an optimal control problem for a stochastic
porous media equation. The main goal is to prove existence of an optimal control
and to obtain first order necessary conditions (Pontryagin principle) for this type
of equations.

To this purpose we shall start by introducing the following stochastic differ-
ential equation

dX — AV (X)dt+ Ip, (§)udt = o (X)dW (t), (0,T) x O xQ
U (X) =0, (0,T) x 00 x Q (1)
X0)=zeH1(0), O xQ

where @ is an open, bounded domain in R¢, d > 1, with smooth boundary 00
and Oy is a convex subset of O and (2, F,,P) a probability space.

The solution X (¢,&,w) to (1) is a function of t € [0,00), & € O and w € Q
but in the following it will be simply written X (¢) omitting £ and w.



Notations

We shall use the following classical notations. We denote by H} (O) the
classical Sobolev space endowed with the usual norm ||, and by H~*(0) its
dual endowed with the norm

2l = |(-8) e

o forva e H0).

Note that (—A)f1 x = y is the solution of the homogeneous Dirichlet prob-
lem = —Ay in O and the scalar product in H~! (0) is

(x,2)_4 = <(—A)_1 x,z>2, for YV, z € Hy (O).

For two Hilbert spaces Hy and Hs, we denote by Lo (Hy, Hy) the space of
Hilbert-Schmidt operators from H; to Hs.

Hypotheses
The equation above is defined as follows:

(H1) We consider the cylindrical Wiener process on L? (O) as the series
W(t)=> Be(t)er, t=>0,
k=1

where {3}, is a sequence of mutually independent Brownian motions on
a filtered probability space (Q,}", (Ft) >0 ,]P) and {ey}, is an orthonor-

mal basis in L? (O) of eigenfunctions of the Laplace operator with ho-
mogeneous Dirichlet conditions. We denote by {\x}, the corresponding
sequence of eigenvalues

Aej, = —)\kek, k e N.

(H2) The operator o is linear and defined as
o
(0 @) )y =3 e (hyen)ywen, Vo H-L(0), he L2 (0),
k=1

where {p1}, is a sequence of positive numbers.

Keeping in mind the form of the Wiener process W, one can easily see that

o (X)dW (t) = > pxXepdBy (t).
k=1
Furthermore, throughout this paper we shall assume that

iyi)\Q:C<oo.

k=1



This implies that

oo o0
2 2 2
D omilrenZ, < CLY piAlelZ, < ColafZ,
k=1 k=1

for Vo € H=' (0), and therefore o (z) € Ly (L? (0); H~' (0)) so o is well
defined.

(Hs) The function Ip, : O — R is the indicator of the set Op.

(Hy) ¥ € C!(R) is a maximal monotone operator which satisfies the following
conditions

e U () <ay|r|™ ! +an, VreR,
e U (0) =0,
o (U(r)—W(s)(r—s)>azlr—s/™"", wreR,
for some constants «; > 0, 7 = 1,2,3 and for m > 1 fixed.

Remark 1 A standard example is W (r) = a|r|™ " r where m € R and a >

0, b > 0. Note that the last assumption which is a generalized strong mono-
tonicity condition, is equivalent to the fact that the inverse of the function ¥ is
Holder continuous with exponent %

The stochastic porous media equation was intensively studied recently in
different frameworks (see [2] for a monograph on the subject). According to the
order of growth of the operator ¥, the porous media equation describe different
phenomena going from slow diffusion, for an over-unit orders, to fast diffusion,
for a sub-unit orders, and even super-fast diffusion for negative orders. In our
case the equations concerns the case of a slow diffusion which describes, for
example, the infiltration of a water in a porous media like the soil. For this
reason, this type of equation can be used, for example the in the modelization
of the erosion of a calcar cliff.

Concerning the optimal control problems in different other contexts, one
can see [5], [9], [10]. For deterministic porous media equation we refer to [7].
Concerning the stochastic case one can see [8] for an optimal control problem
for a general stochastic partial differential equation which doesn’t cover the case
of a porous media equation. A state-constrained porous media control systems
with application to stabilization was studied in [6].

To the best of our knowledge, the present work is the first which gives
necessary optimality conditions for stochastic porous media equations.



The optimal control problem
We can write equation (1) equivalently as

{dX+A(X)dt+B(u)dt:a(X)dW(t), te (0,7), @)
X (0) =z,
where
A . H'0O)— H'(0)
A(r) = =AU (r), VreD(A)
for

D(A)={re H ' (O)NL"(0)| ¥ (r) € H; (0)}.
We define

B : U— LP(O)
B(u) = ulp, € LP(0), forp>max{2m+1,4}.

Note that B (u) € H~! (O) and

B(u) : H}(O)—=R
Bue = /u@so(s)df, v € HL(0).
Oo

Here u € U is the control and

U = {ue(0,T)xQx0 — U|ue L™ (0,T; L (Q L7 (0)))

and u € U which is closed and convex} .

In order to construct the optimal control problem we should consider that
the equation (2) is assumed to be subject to

ueU

T
MinE: ( | [rxee. e [ gex (T))d§> .
0o Jo o
We add the following assumptions for [ and g.
(Hs) 1,9 € C* (R) and

H@,w) <C (J2f +|uf +1), zuck.



2 Existence of an admissible pair

We can check that, by adapting the classical theorey, under the assumptions
mentioned above, equation (2) has a unique solution in the sense of the definition
below.

Definition 2 Equation (1) has also a unique solution in the sense of Definition
3.1.2 from [2], which means that

X e (0 (0,7T];H 1 (0))NL* (2 x (0,T) x O)

for some m > 1 and
X(0).e)_, = (weg),— / (W (X (5)) ;) ds (3)
+ / (B (o) ey s+ D / (X (5) enre) _y By (5)

forVj € N, Vt € [0,T], where {ey}, is on eigenbasis for A= —A in H~1(0).

Remark 3 By Remark 3.1.4 from [2], we have that (3) can be equivalently
written as

X ()= fo/O U (X (s)) der/O B (u (5))d5+/0 o (X (s)dW (s), tel0,T]

where A : H} (O) — H~Y(O) is taken in the sense of distributions on O.

Indeed, one can use an argument similar with the one from Lemma 3.1 in
[3] to show that X € L? (Q x (0,T) x O), for p > max {2m + 1,4}. Indeed, the
only difference in our case comes from the term with the control.

For reader’s convenience, we shall give a small lemma to explain how the
control term is treated.

Lemma 4 Under the assumption above, for each initial condition x € LP (O),
p > max {2m, 4}, and for each control u € U, fized, there is a unique solution
X € L*(0,T: L? (2; LP (0))) to (1).

Proof. Because of the similarities with the results from [3], we shall only sketch
the proof of this lemma.

We first take the following two approximations for the equation (1). First,
the operator ¥ will be approximated by

x— Uy (z) + Az



where ¥ is the Yosida approximation of ¥, which is
1 _
(@) = 5 (x— (Id + AW)~" (m)) . for Vo € R, YA >0,

where Id is the identity function.
Then, we denote by Ay the corresponding porous media operator which is

Ay (x) = =A (T (2) + \x)
with the domain
D(Ay) ={z e H " (O)NL"(0); Ux(z)+ Iz € H) (O)},
and we take its Yosida approximation in H~!(0), i.e.

_1 —1
(AN, = z (Id—(1d+€Ax) ), e>0.

By classical theory (see e.g. [4], Lemma 3.2) the approximating equation
has a unique solution X§ € L? (Q;C ([0,T];L? (0))) .
By applying the It6é formula with ¢ (z) = \x|g we get

Ep (X5 (£,6)) + E / /O (Ax), (X5 (5,6)) [ X5 (s, O 2 X5 (5,€) deds
R / /O w(€) Toy () X5 (5, €)P~2 X (s.) déds

_ t
< pl+ e [ ] X0 acs

Since

k e p—2
E / /O u (&) To, (€) X5 (6) P2 X (€) deds

1 ' P p;l ‘ £ p
< 8 / /O 4(6) To, (€)1 deds + P / /O X5 (O deds,

one can easily get the existence result exactly as in Lemma 3.1 from [3]. m

3 The optimality necessary conditions

In order to study the optimal control problem we shall prove the following
lemmas.

Lemma 5 Let
[':L>(0,T; L% (4 LP (0))) — L™ (0,T; L* (Q; H~' (0)))

defined by
ur—I'(u) = X",

This application is continuous.



Proof. We need to compute

1T (u+v) =T ()| Lo 0,7;02(0:5-1(0))) -
To this purpose, first we take the difference

(XU (1) — X (¢ / / T (X (5)) — W (X (5))) ejdéds

t
—I—/ (To,v, €5y _ dS—ZMk/ (XU (s) — X" (5)) ex,e5)_, dBi ()

0
and by using the It6 formula and after taking the expectation we get that

E | X" (1) - X (0],

+E/ / (XU (5)) — W (X" (s))) (X“FV (s) — X" (s5)) dds

+E/ (TIov, X"“T (s) — X" (s))_, ds < C]E/O [ XY (s) — X (s)H:ds

By Gronwall’s inequality we get that
t t
BX 0 - X @), <E [ ool ds <E [ ol ds.
0 0

Indeed, since v € L? (O) it is obvious that Ip,v € L? (O) and
2 2 2
HogvlZy < [Hopvlly < vl -
Therefore
U+v u 2
E | X () = X" (0)]|Z, < oll oo o.1:22(:0-1(0))) -
]
Lemma 6 The application T" is Fréchet differentiable.

Proof. We want to prove that

e—0

IT (u+ev) =T (u) — eI’ (W) V|| oo (0 7,12 (00 -1 (0))) — O-
To this purpose we introduced the variation of X* =T (u) denoted by

) Xu+511 _ Xu
Z%" = lim ———.
e—0 IS

‘We compute

utev __ Xu u+€v _ u t
<X > / / (X ¥ (X >6jd§d5+/ (Toyv,e;)_, ds
€ 0




1 = ’ u—+v u
:e,;“'“/o (X (s) = X" (5)) ex, ;) dB (s) .

[ [P,

_ / / / Ly (xer) deds

_ / / / W (XUHT) 290, drdéds
6_)0/ / (X)) Z%%e;dEds,

‘We have

~
Il

We need to compute
1 t
S / (XU (5) = X (5)) ennes)_, dBx () = ZdWW (1)
k=1 0

We get that Z is a solution to the equation (this is formal for the moment
because we don’t have

{ dZ — A (V' (X) Z) dt + Ioyvdt = ZdW (t)
Z(0)=0

for VX, v e L= (0, T; L* (% H1 (0))) N L2 ((0,T) x Q x O) fixed.

Since the equation is linear, we have a unique solution
ZeL>®(0,T;L% (s H ' (0)))NL*((0,T) x 2 x O)

of the form

t

(Z(t),ej)_l—i—/o <m'(xu(s))z,ej>2ds+/o oyve;) ds  (4)
(Zek,ej) _,dp (s).
};Mk/o k k

We compute now

(XU (t) = X" (1) —eZ (1) ,¢5)
//{/ (OX"F + (1 —0) X“) df (X" — X*) e — W’ (X")Ze]}dgds
;“’“/o (X% — X% — 2Z) exe;)_, dB.



We replace the second term from the left-hand side of the previous equality
b

¥y
t
/ / U (X)) (XU — X —eZ) e;jdéds

/ / {/ (6X“T= + (1 —0) X™)do — T’ (Xu)} (XU XU) ¢deds.

‘We denote
XU (1) = XU (1) — 2 (1) = (1

and we have

(n° / / U (XY nF (s) ejdeds

+/0 /O {/ U (0X"T + (1—0) X*) do — 0 (X“)} (XUFer — XU) ejdéds
i / t) ek, e;) 1 dB (s) -
=

By the It6 formula we get, after taking the expectation, that
t
Bl O, +E [ [ 000 0 (9)) dsas
—HE/ / {/ X““'“ +(1-9) X“) do — v’ (X“)} (X“J“e” — X“) n° (s) déds

Eénw@miw.

Since ¥ is strongly monotone we have that ¥’ > ¢ > 0 and by using the
Gronwall inequality we have that

sup E | ( M+M//m )2 deds (5)

ref0,t]

<=,

We shall first denote

(OX"F=Y 4+ (1—6) X*) dg — W' (X*) b (X — X*) f° (s)| déds.
f

J. = / LW (0X 4 (1 0) X) — W (X)) do
0



and replacing in (5), we get that

sup E [l7° (r)|I* 1+]EC//|77 )2 deds

7€[0,¢]
IE/ / ‘i(X““”—X“)nE(S)‘dfds

Xquav Xu)
+5 Ok / / In° (s)|? déds,

<—E

IN

2
déds

IN

and therefore

2
déds.

XU+EU Xu)

sup E |[n° (r)
r€[0,t]

We can easily see that

2
d€ds

1q 1/q t 1/r
J dfds) (E / / | xter —X"Vdgds>
0o JO

Xu+sv Xu)

€

(E/o /o

1 1 1
for - = -+ —.
2 q r
In order to use the generalized strong monotonicity assumption on ¥ we
2m+1
need to take r = m + 1, we get that ¢ = T
m —

We calculate the first factor from the relation above

/ LW (0X 4 (1— ) XY — W (X)) de’
0

Je

IN

1
/ | U (0X T + (1 —0) X*) — ¥/ (X*)| db
0

IN

1
/ (|9X“+€v +a—o) X"+ |X“|m_1> de.
0

Keeping in mind that the function f (z) = |z|” for p > 1 is convex and in
our case we can assumed that m > 2, we obtain that

(‘Xu+ev‘m—1 + |Xu|m—1) ,

for some positive constant C'.
Consequently

2m+1

U deds < CE/ / |X“+€v|2m+1 \X“|2’“"+1) déds < C

10



since p > 2m + 1. Therefore

t L 1/m+1
sup E|[n° ()%, < C <IE/O /O | xurer - x|t d§ds> .

rel0,t]

On the other hand we know that
t
E|| XU+ — Xu|° | + CE/ / | xuter — X" deds < eClol; — 0. (6)
0o Jo e—0
Indeed, since
<X"+8” — X" e / / X“+E” — U (X")) e;déds
t
+6]E/ (Iogv,ej) _, d&ds

Ziijﬂ 7 (X"H) =0 (X)) ex,e5) B (5)

we get by It6’s formula and the expectation that
E[x“r - Xx*|*, +E / / U (XUFE) — W (X)) (XU — XV) deds
+¢E / (Iogv, XUV — X% ds
0

t
u+ev uy|?
< CE/O o (X)) = o (X) |, 10

t
< OE/ e — x| ds.
0

By using again the Gronwall inequality and the strong monotonicity of ¥
we get (6) which leads to

2
sup E||n® (r)||Z, — 0, te€[0,T].
s Bl (]2, 30 1€ 0.7]

The proof of the lemma is now complete. m
The necessary conditions

Let v be an admissible control. For the cost functional

Flu)=F {//X“ wo)deac+ [ g0et () ae

11



we compute

Fluyv = Fo(X%u)Z+F, (X" u)v

{ / / (X" (8),u(t)) Zdedt + / / I (X" (), u(t) vdedt

[ cxrayze df}-

We consider the following adjoint backward SPDE in the two unknown
adapted process (p (t,€),q(t,€)) € L? (0) x Ly (L* (O);R)

O0H
dp(t,x):—{<dy>(t x, Y, u,p, )+L*p}+qut
0

p(1) = 22 (X (1)

which is

p(0) =2 (x (1)

This equation needs to have an unique solution (see Theorem 4.2 from [1]).
We use this equation in the following calculus

/ g (XU (T)) 2% (T) de = / gl (X (T)) 2% (T) dé - / gl (X (T)) Z (0)de
o %?_’ hnn

fpoms o
:/d () dt.

We calculate the It6 product above
dp(t),Z2"(t)), = p(t)dzZ"(t)+ 2" (t)dp(t)+ (dp,dZ"),
= p(t)A (V' (X)Z")dt —p(t) Io,vdt +p(t) o’ (Z*)dW (t)
—Z" () V' (X)) Apdt — Z* ()l (X,u)dt — Z* (t) o’ (X) qdt
+Z"qdW, + qo’ (X) Z* (t) dt
= —pt)Io,vdt — Z" ()1, (X, u)dt.

{ dp (t,z) = (0" (X)Ap+ 1, (X,u) + o' (X) q) dt + qdW;

We replace in the last term of 7’ (u) v and we get

B [ o (X" (1) 2" (1) ds

B[ a2 ),

T
E / (= (b (1) Toyv)s — (2% (1) s (X, u))y) dt.

12



‘We obtain

F (u)v

T T
]E{/O /Olm (X (@), u(®) 2" (t)dgdt+/0 /Olu (XU (1) ,u (t) vddt

T
/O (= @), logv)y = (2" (1), L (X" (t)ﬂ(t))b)dt}

E { / ' ( /O 1, (X (1) (1)) v — (p (8) 7IOOU>2> dt} .

If (Y, ﬂ) is an optimal pair, then

F @) (v—1u)>0, Yvel.

We can write it as

IE{/O /O(l; (XU(t),u(t))—p(t)IOO)(U_u)dgdt} >0, Wwel.
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