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The Wasserstein Space

The Wasserstein space

Po(RY) = {u € P(RY): /Rd |x[? du(x) < +O<>}

The Wasserstein Distance

For p1, v € Po(RY):

N(u,v) = {y € P2(R??) : ~ has marginals ;. and v}

1/2
Wolpv) = min 3 ([ 1y~ xar(x.)
~yeN(u,v) R2d
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The Wasserstein Space

Probability space

° (2,B(%2),P) = ([0, 1], B([0, 1])7£|1_[0’1])

Probability measures as laws

@ Forall u € Po(RY) it exists X € L3(Q, RY) such that:

uw=XtP, Px=pu, thelawof Xisu

the image measure of P by X is u: u(A) = P(X~1(A)).
@ Forall vy € N(x,v), it exists X, Y € L2(Q,RY) such that:

v=(X,Y)iP, XiP = pu, Y{P = v.
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The Wasserstein Space

Through Hilbertian glasses

Wasserstein space

W (i, v) = min {Hx ~ Yz XfP=p, YiP= y} .

P»(RY) as a quotient
o X ~ X' iff XtP = X'4P

° P2(RY) = L§(Q)/ ~

C. Jimenez Rencontre ANR COntrol on Stratified Structures



The Wasserstein Space

Transport maps

Transport plans supported on graphs

v=(ld, T)ip, pnePa(RY), T € L3R, RY)

/ o(x.y) dy(x,y) = / (%, TX) du(x).

Transport plans supported on graphs

y=(X,ToX){P, Xecl2(Q,RY),Tc Liw(Rd,Rd),

/ e(x,y)dy(x,y) = / (X, T o X)dP.
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The Wasserstein Space

Maps and lifts

Lifts and rearrangement invariance

@ Let u: P>(RY) — R we define the lift of u as:
U: X e L3(Q,RY) — u(XtP) € R.
@ Then U: L3(Q,RY) — R is rearrangement invariant:

XiP = Y4P = U(X) = U(Y).

@ uis continuous /W iff it lift U is continuous /|| - HLI%'
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A multi-agent optimal control problem

Controled trajectories: a toy example

A toy example: controlling the trajectory of a herd of sheeps
o n € P(C([to, T],RY))

o &) = o(t), = ey ="noe; ",
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A multi-agent optimal control problem

Controled trajectories: a toy example

A toy example: controlling the trajectory of a herd of sheeps
o n € P(C([to, T],RY))

o e(0) = o(t), ut := ein,

e 1) concentrated on curves o with:
a(t) = f(o(t),u(t,o), ut) a.e. t

e f is regular, affine on u
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A multi-agent optimal control problem

Controled trajectories: a toy example

A toy example: controlling the trajectory of a herd of sheeps
o n € P(C([to, T],RY))

o e(0) = o(t), ut := ein,

e 1) concentrated on curves o with:
a(t) = f(o(t),u(t,o), ut) a.e. t

e f is regular, affine on u

o =" ® ()
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A multi-agent optimal control problem

Controled trajectories: a toy example

Some computations with hands
© pti=edn, n=n"*® u(x)
Dynamic: o(t) = f(o(t), u(t, o), ut)
@ We integrate the dynamic with respect to n*:

ve(X) ::/ (t) dn'*(o) /f u(t, o), ut) dn™*(o)

— f <x,/u(t, a)dn”"(a),ut> p-a.e.
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A multi-agent optimal control problem

Controled trajectories: a toy example

Dynamic in the space of Wassertein

vi(x) = f(x, w(t, x), ut) pe-a.e.
Where w is a control.

Trajectories in AC?([ty, T], P»(R?)) (Ambrosio, Gigli, Savaré)
We assume t — s € Po(RY) is in AC?([ty, T], P2(RY)),

/oT/Rd Ive(X)|2 dpe(x) dt < +o0

Arpue + div(vepr) = 0in RYx]ty, T
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A multi-agent optimal control problem

Be carefull

Define a plan ~;:
Jedn(x,z) = [ o(a(t),o(t)) dn'(o)

~t may not be of the type (/d, vi)tu:

~¢ may not be supported on a graph!
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A multi-agent optimal control problem

A control problem

The Value function (Marigonda, Quincampoix, J. Marigonda,
Quincampoix)

V(lo, o) := ( int {G(ur) : 11ip = po}

Vi fit), W

admissible curves are in AC?([fy, T], P2(RY)) with

Ve(x) = f(x, w(t, x), i) pe-a.e.

Assume for simplicity that G is Lipschitz so that V is regular.

How can we express this problem in L2?

Cavagnari, Lisini, Orrieri, Savaré,
J. Marigonda, Quincampoix and J.
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A multi-agent optimal control problem

How can we express this problem in L2?

A fonctionnal in L3 candidate to be the lift of V

W(to,X) = nf {g(xrw) Xy = X}

admissible curves are in AC?([ty, T], L2(R2)9) with

Xe(w) = f(Xe(w), u(t,w), X4P)

W is regular. Do we have that W(-, X) = V(-, uo) if XtP = po?

Question
Given an admissible p;, can we find X; admissible for W such
that:

XefP = p1r?
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A multi-agent optimal control problem

From Wasserstein to L2

Building X;

@ The Superposition Principle (AGS) gives
n € P(C([t, T],RY)) associated to jus: en =
°
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A multi-agent optimal control problem

From Wasserstein to L2

Building X;

@ The Superposition Principle (AGS) gives
n € P(C([to, T],RY)) associated to y;: erfin =
e ltexists T, € L2(Q,C([t, T],RY)) such that:

T P = n.
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A multi-agent optimal control problem

From Wasserstein to L2

Building X;

e 1 € P(C([to, T],RY)) associated to u: etin =
Concentrated on curves such that 5 = v;(0)

e ltexists T, € L2(Q, P(C([t, T],RY))) such that:
TofP =1
@ set X; := (et o T,) so that:
XtP = (et o TP = edlin =

Xe(w) = vi(Xe(w)) = F(Xe(w), u(t, w), XitP)
with u(t, w) := w(t, X¢(w)).
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A multi-agent optimal control problem

Value in L2

Consequence on the value

V(to, ro) = W(to, Xz,)

Problem

We cannot choose the starting point X; among all Yy such that
YoiP = uo
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A multi-agent optimal control problem

Solving problem

Important tool
Let X, Y € L2(Q,RY) such that XtP = Y{P.
Then, for any n > 0, there exists 7, : Q — Q bijective s.t.:

(i) 11X 070 = Yl e (mey < s
(i) TP = 7 4P = P.

Of course (X o )P = XtP.
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A multi-agent optimal control problem

Solving the problem

Solving the problem: We cannot choose Xj,

@ Given Yj such that YpfilP = ug and X; as above
@ Using the tool, build Y{" = X; o 7, with:
1
(XeoraiP = pt, [|Yo— Vgl < .
° W(7 Ytg) < V(?:“’O)
@ (!) the sequence of curves may not converge
@ we don’t care because of the regularity of W.

Consequence

V(- o) > W(-, Yo) if YoilP = po.




A multi-agent optimal control problem

From L2 to Wasserstein: The opposite inequality

From L2 to Wasserstein

@ Let Y; such that:
Yi(w) = f(Yi(w), u(t,w), YeiP).

@ Set KUt = Ytﬂ]P’ and Yt = (Yt, Yt)ﬁ]P)
(]

C. Jimenez Rencontre ANR COntrol on Stratified Structures



A multi-agent optimal control problem

From L2 to Wasserstein: The opposite inequality

From L2 to Wasserstein

@ Let Y; such that:
Yi(w) = f(Ye(w), u(Yr,w), YetP).

@ Set KUt = Ytﬂ]P’ and Yt = (Yt, Yt)ﬁ]P)
e vi(x) = [y dy¥(¥), vt o X; is the projection of Y; on

Hy,={poYi: pe 5}

@ Note that ; may devide masses.
@ f+— ptis admissible for V(Y;, iP)
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A multi-agent optimal control problem

Equality of problems in Wasserstein and L2

Equality of values: W is the lift of V

V(lo, po) = infu = G(1i7) V(to, X) = infx, —x G(X7HP)

(ns)s € AC?([to, T], P2(R?)) | (Xp)r € AC%([to, T], LE()?)
ve(x) = f(x, w(t, x), ut) Xi(w) = f( Xz, u(t,w), XifP)

The problem in L2 may have no solution, it depends on the
choice of X.
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Hamilton-Jacobi in the space of Wasserstein
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Hamilton-Jacobi in the space of Wasserstein

A result in Wasserstein space

Characterization of the value (Marigonda Quincampoix, J.
Marigonda Quincampoix, J.)

The functionnal V is the unique viscosity solution of :
oru(t, ) + H(u, Dyu(t, 1)) =0 Y(t, u) € [0, T[xP2(RY)
(HJ)

u(T,p) =G(p) Vu € Pa(RY)

with 7 defined for (1, p) € Pp x L2 as:

Hs.p) =gt { [ fx.u0.) p06) (0}
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Hamilton-Jacobi in the space of Wasserstein

Fréchet Subdifferential in Wasserstein

Subdifferential (Gangbo, Nguyen and Tudorascu)

Let (o, 110) € [0, T[xP2(R), we have (pt, p.) € D~ u(lo, o) if:
® pu € Tuo(RY)
e forall (t,v), v € N(po,v) :

u(t, v) > u(to. o) + Pr(t — to) + / Pu(x) - (y — %) dr(x.y)

+o(\/Ix=yIZ +1t—wl?).
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Hamilton-Jacobi in the space of Wasserstein

Viscosity solution

Definition (Gangbo, Nguyen and Tudorascu)

@ w is a viscosity supersolution of (HJ) if for all
(to, o) € [0, T[xP2(RY):

pt + H(po, pu) <0 V(pt,pu) € D~ w(ly, o).

@ define subsolutions in the same way.

@ w is a viscosity solution if it is both a supersolution and a
subsolution.

C. Jimenez Rencontre ANR COntrol on Stratified Structures



Hamilton-Jacobi in the space of Wasserstein

Translating the notion of viscosity solution in L2

We set H(X, po X) := H(X4P,p) for all p € L5,5(R, RY).

Fréchet sub-differential in L2

(pt,Z) € D~ U(1y, X) if for all (¢, Y), it holds:

U(t,Y) > Uy, X) + pi(t — o) + (Z, Y — X)

+o (IY = XIE, +t - )
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Hamilton-Jacobi in the space of Wasserstein

Viscosity supersolution in Wasserstein space

V is a supersolution in the previous sense if

pt+H(X,pxoX) <0 VY(pt,pxoX)e D V(tX)

with px € Txm}n(Rd).

Crucial points
°
°
°
°
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Hamilton-Jacobi in the space of Wasserstein

Viscosity supersolution in Wasserstein space

V is a supersolution in the previous sense if
pt+H(X,pxoX) <0 VY(pt,pxoX)e D V(LX)
with px € Txm}n(Rd).

Crucial points

@ The lift of A is not defined on all (L3(RY,RY))?,

@ The definition of P»-viscosity super-solution involves only a
part of the Fréchet subdifferential in L2,
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Hamilton-Jacobi in the space of Wasserstein

Viscosity supersolution in Wasserstein space
V is a supersolution in the previous sense if

pt+H(X,pxoX) <0 VY(pt,pxoX)e D V(tX)

with px € Txm}n(Rd).

Crucial points

@ The lift of A is not defined on all (L3(RY,RY))?,

@ The definition of P»-viscosity super-solution involves only a
part of the Fréchet subdifferential in L3

@ U is a viscosity solution in L2 = u is a viscosity solution in
Gangbo-Nguyen-Tudorascu sense.

@ If we want V to be a viscosity solution in L2, we have to
extend the lift H.

-— - -
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Extending the Hamiltonian in LL2 in a regular way

Plan

0 Extending the Hamiltonian in L2 in a regular way
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Extending the Hamiltonian in Lu2 in a regular way

Example

Lions’ lecture at the Collége de France

@ He considers H(y, p) = ||p||2,
1
@ its Liftis H(X,po X) = HpoXHf2
P
@ which he naturally extends as

HX,Y) = YI%

@ this extension is regular.

We would like to do that in more general cases.
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Extending the Hamiltonian in Lu2 in a regular way

Literature

Several extensions already exist in the literature
@ Gangbo and Tudorascu: Hi(X, 2)
@ Cavagnari, Marigonda, Quincampoix: Hx(X, 2).
@ In both cases a projection of Z in Hy is used in order to
turn (X, Z) into some (X, p o X).
@ In other terms they turn v(x, z) = (X, Z)fP into a plan
supported on the graph of x — [ zd~*.

@ They turn "transport plans into transport plan
supported on graphs".
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Extending the Hamiltonian in Lu2 in a regular way

Properties of these extensions

Theorem (Gangbo, Tudorascu)

u is a viscosity solution in P,(RY) in the sense of Gangbo,
Nguyen, Tudorascu iff its lift U is a viscosity solution in L]% of
the corresponding equation with H;.

@ Even if H is quite nice, H;(X, Z) and Hx(X, Z) are not
continuous on (X, Z).

@ This comes from the fact that: transport plans can be
approximated by transport plans supported on graphs.

@ The lack of continuity prevents using classical results of
Crandall and Lions.
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Extending the Hamiltonian in Lu2 in a regular way

Subdifferential in [ty, T[x L2

Fréchet Subdifferential

(b1, Z) € D~U(ty, X) i ¥(t, Y):

Ut Y) > Ulto, X) + pe(t — to) +(Z, Y = X)

+o <\/HY— X|2, +1t = 1) -

Subdifferentials are plans (J. Marigonda, Quincampoix)
If Uis r.i., (pt,Z) € D~ U(ty, X) then:

for all (X', Z") with (X', Z/MP = (X, Z2)4P : (pr, Z") € D~ U(to, X')k
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Extending the Hamiltonian in Lu2 in a regular way

Arguing with plans

L2-Subdifferential = AGS-subdifferential
® v=(X,Z)fP
° (ptvz) € DiU(t()’X) A (pb’}/) = a;GSu(t()vMO)'

AGS-subdifferential
(Pt ) € OygsU(los ko) if:
@ For all w(x, y, z) € Pa(R39) with 7y Aw = v, Tyfw = v

U(l’, V) > U(thMO) +pt(t = to) + /Z- (y = X) dw(X,y)

2 2
+o(y/ly = xIZ, +1t—t6P).
w
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Extending the Hamiltonian in Lu2 in a regular way

New Hamiltonians

Extending Hamiltonians using plans (J.)

@ Remember (1o, p) si defined for 19 € Po(RY) and
p € L2 (RY,RY)

® Set #((/d, p)tuo) = H(ko, p)-

o lfflis uNniforme continuous /W>, we can extend it to all
plans: (7).
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Extending the Hamiltonian in Lu2 in a regular way

A regular Hamiltonian on L2 (J.)

@ By construction, # is continuous/Ws.
@ By construction, its lift H is r.i. and continuous/Lo.
@ ltis in fact, the only regular extension of H.

Turning back to the example

Hwp) =gt { [ 106.000.1) - pUx) )}

Rd

H(X,Z) = igf{ /Q f(X, u(X,Z), X4P) - Z dIP’}.
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Extending the Hamiltonian in Lu2 in a regular way

Turning back to the example (J.)

H(X,Z) = igf{/ f(X,u(X,Z),XﬁIP)-Zd]P}.
= Q
The function V is the unique solution in the usual L2-sense of:

{ d:U(t, X) + H(X, DxU(t, X)) = 0,
U(T, X) = G(XtP).

Key point: the dynamic programming principle satisfied by V
implies a dpp in L3 for V.
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Extending the Hamiltonian in Lu2 in a regular way

Other articles in the same spirit

@ Cavagnari, Savaré, Sodini, Dissipative probability vector
fields and generation of evolution semigroups in
Wasserstein spaces, 2023

@ Bertucci, Stochastic optimal transport and

Hamilton-Jacobi-Bellman equations on the set of
probability measures, preprint.
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Extending the Hamiltonian in LL2 in a regular way

THE END

Thank you for your attention! J
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