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Contenu approximatif de l’exposé

• Lois de conservation paramétrées : cadre
• Problème des moments pour des fonctions discontinues
• Solutions à valeurs mesures et moments
• Problème des moments généralisé et hiérarchie de Lasserre
• Quelques exemples numériques
• La suite. . .
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Lois de conservation avec paramètres : définitions
Le but est d’approcher les solutions du problème

{
∂tu(t, x, ξ) + divxf(u(t, x, ξ), ξ) = 0 (t, x, ξ) ∈ R+ × Rn × Ξ

u(0, x, ξ) = u0(x, ξ) (x, ξ) ∈ Rn × Ξ

où Ξ ⊂ Rp est l’espace des paramètres avec mesure de probabilité ρ.

Cadre
• u0 ∈ L∞(Ξ, L∞(Rn))

• f est localement bornée et de classe C1 par rapport à u et ρ-ps

Definition (Solution entropique paramétrique)

ρ-ps : fonction u(ξ) ∈ L∞(R+ × Rn) tq pour tout couple entropique (η, q(ξ)),
∫

R+

∫

Rn

(
η(u)∂tφ+ q(u, ξ) · ∇xφ

)
dx dt+

∫

Rn

φ(0, x)η(u0(ξ)) dx ⩾ 0

for all φ ∈ C1
0 (R+ × Rn)+.
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Lois de conservation avec paramètres : définitions

Définition “affaiblie” :

Definition (Solution entropique paramétrique faible)

Fonction u ∈ L∞(R+ × Rn × Ξ) tq pour tout couple entropique (η, q(ξ)),

∫

R+

∫

Rn

∫

Ξ

(
η(u)∂tφ+ q(u, ξ) · ∇xφ

)
dρ(ξ) dx dt

+

∫

Rn

∫

Ξ

φ(0, x)η(u0(ξ)) dρ(ξ) dx ⩾ 0

for all φ ∈ C(Ξ, C1
0 (R+ × Rn))+.

• Si on suppose de plus que u ∈ L∞(Ξ, L∞(R+ × Rn)), alors on a
l’équivalence entre les deux notions. [Mishra, Schwab, 2012]. . .

• Dans ce cas, existence et unicité standard.
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Approximation numérique

Difficultés
• Problème non linéaire
• Les discontinuités en x se propagent en ξ
• Minimiser les évaluations par rapport à ξ

• Échec des méthodes d’approximation “classiques”
• Méthodes de type Monte-Carlo : convergence lente
• Extension de méthodes spatiales : lourd. . .

Ici : tentative exploratoire trèèèès différente issue de

S. Marx, T. Weisser, D. Henrion, J.B. Lasserre
A moment approach for entropy solutions to nonlinear hyperbolic PDEs
Mathematical Control and Related Fields, Vol. 10, 2020
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Problème des moments classique

Soit la fonction f à déterminer

f : X compact de Rp−1 −→ Y compact de R
x = (x1, . . . , xp−1) 7−→ y = f(x1, . . . , xp−1)

Soit bα(x, y) = (xy)α, α ∈ Np, |α| ⩽ d (d’autres polynômes sont possibles)
et la matrice des moments associée :

Mf,d :=

∫

X

b(x, f(x))b(x, f(x))⊤ dx.

Problème. Connaissant uniquement la matrice des moments Mf,d,
calculer une approximation convergente fd de f quand d→ ∞.
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Formulation faible du problème des moments

Idée. Au lieu de la fonction, on cherche à déterminer son graphe

Gf :=
{
(x, y), x ∈ X, y = f(x)

}
⊂ X × Y

et correspond au support de la mesure (mesure d’occupation)

dµ(x, y) = 1X(x)dx δf(x)(dy)

Alors la matrice des moments devient

Mf,d =Mµ,d :=

∫

X

b(x, y)b(x, y)⊤ dµ(x, y)

−→ Problème d’optimisation linéaire sur la mesure d’occupation µ

Rq. Si on désintègre la mesure µ, on obtient la mesure de Young x 7→ δf(x).
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Approximation du graphe

Jean-Bernard Lasserre, Didier Henrion, Édouard Pauwels, Swann Marx. . .
• Données :

Mµ,d :=

∫

X

b(x, y)b(x, y)⊤ dµ(x, y)

• Noyau de Christoffel–Darboux étendu :

qµ,d(x, y) = b(x, y)⊤M†
µ,db(x, y)

• C’est une somme de carrés de polynômes (SOS)
• Ses courbes de niveau approchent le support de µ quand d → ∞

• Construction de l’approximation :

fd(x) := min
{
argmin

y∈Y
qµ,d(x, y)

}
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Résultat et exemples

S. Marx, E. Pauwels, T. Weisser, D. Henrion,J.-B. Lasserre
Semi-algebraic approximation using Christoffel-Darboux kernel
Constructive Approximation, Vol. 54, 2021

Convergence en norme L1 et ponctuelle aux points de continuité de f

Figure 1: SOS polynomial q(x, y) whose argmin in y is the sign of x on [�1, 1].

in [20] in a multivariate setting. Even more recently, in [31], [25] and [32], Christo↵el-Darboux
polynomials have been used to approximate the support of Borel measures in a multivariate
setting in the context of Machine Learning and Data Science.

We propose a simple scheme to approximate the graph of f based on the knowledge of
the moment matrix of degree 2d of µ. To that end we first compute the Christo↵el-Darboux
polynomial using a spectral decomposition of the moment matrix. The Christo↵el-Darboux
polynomial is an SOS polynomial qd(x, y) of degree 2d in p variables. For every fixed x we
define

fd(x) := argminy2Y qd(x, y)

which is a semi-algebraic function1, assuming for the moment for the ease of exposition that
the above argmin is uniquely defined. This class of functions is quite large. For example, all
polynomials of degree at most d can be expressed using this technique: let r be a polynomial
in x of degree d, then q : (x, y) 7! (r(x) � y)2 is a degree 2d SOS polynomial whose partial
minimization in y yields y = r(x) for all x. However, this class contains many more functions,
including non-smooth semi-algebraic functions such as signs or absolute values. In particular
this class of functions can be used to describe e�ciently discontinuous functions, a typical case
encountered in e.g. OCP problems with bang-bang controls and solutions with shocks for non-
linear PDEs.

Example 1 (Sign function as SOS partial minimum). Consider the polynomial

p1 : R2 7! R
(x, y) 7! 4 � 3xy � 4y2 + xy3 + 2y4. (2)

One can easily check that

argminy2Y p1(x, y) = sign(x) :=

8
<
:

�1 if x < 0
{�1, 1} if x = 0
1 if x > 0

1A semi-algebraic function is a function whose graph is semi-algebraic, i.e. defined with finitely many polynomial
inequalities.

5

Figure 2: On the left, Chebyshev interpolant of degrees 4 (gray) and 20 (black) of the step func-
tion (red), featuring the typical Gibbs phenomenon. On the right, the proposed semi-algebraic
approximation of degree 4 (black) of the same step function (red). The approximation cannot be
distinguished from the step function.

strategy of [25] which covered the absolutely continuous case. This result may be consid-
ered of independent interest and will be instrumental to providing convergence guarantees
for our approach.

2. Next, given a degree d 2 N, we provide an approximation fd of the function f and prove
that the sequence (fd)d2N converges pointwise to f almost everywhere as well as in L 1-
norm as d goes to infinity (under broad assumptions on f). Furthermore, if we assume
more regularity on f , then we also provide estimates for the rate of convergence. More pre-
cisely, we obtain O(d�1/2) for multivariate Lipschitz functions and O(d�1/4) for univariate
functions of bounded variation.

3. Finally, we provide some numerical examples to illustrate the e�ciency of the method.
We first use our algorithm to approximate discontinuous or non-smooth solutions of OCP
or PDE problems based on the Moment-SOS hierarchy. These experiments empirically
demonstrate the absence of Gibbs phenomena. We also provide an example where only
samples of the measure under consideration are given and show that our algorithm also
works well, even for moderate size samples, showing that moment input data could in
principle be approximated using numerical integration methods.

Example 3 (Sign function). To give a flavor of what can be obtained numerically, consider
the measure (1) supported on the graph {(x, f(x)) : x 2 X} ⇢ X ⇥ Y of the function x 7!
f(x) := sign(x), with X := Y := [�1, 1]. In Figure 2 (right) the resulting approximation f2

with a moment matrix of size 6 and degree 4 (i.e. 15 moments) cannot be distinguished from f .
On the other hand, on the left, their Chebsyhev interpolants of degrees 4 and 20 (obtained with
chebfun [9]) illustrate the typical Gibbs phenomenon, namely oscillations near the discontinuity
points that cannot be attenuated by increasing the degree. This phenomenon can be reduced
or suppressed by identifying the discontinuity points and splitting X into intervals (as in e.g.
[30] and also implemented in chebfun), but this strategy works only in the univariate case.
In contrast, our algorithm does not attempt to approximate directly a univariate function with
one or several univariate polynomials of increasing degree, but with the argmin of a bivariate
polynomial of increasing degree. Moreover, our algorithm works also for multivariate functions,
as shown by numerical examples later on.

7

Figure 9: Degree 4 (left) semi-algebraic approximation, and Chebyshev polynomial approximation
(right) of the indicator function of a disk.

Figure 10: Degree 8 (left) and degree 16 (right) semi-algebraic approximations of the superposition
of signed indicator functions of two disks.

we can construct analytically the exact moment matrix of the control trajectory and observe
that indeed its Christo↵el-Darboux semi-algebraic approximation of degree 8 identifies well the
optimal control trajectory switching times, see Figure 8.

5.7 Bivariate examples

Consider the indicator function

f(x) := I{x2R2:x2
1+x2

21/4}(x)

of a centered disk of radius 1/2. We compute the emprical moments obtained by sampling
1002 points on a uniform grid of X := [�1, 1]2. With this input, our algorithm computes the
degree 8 semi-algebraic approximation reported on Figure 9, to be compared with the Chebyshev
polynomial approximation obtained from 1002 points by the chebfun2 command, showing the
typical Gibbs phenomenon.

We perform the same computations for the piecewise constant function

f(x) := I{x2R2:x2
1+x2

21/4}(x) � 1

2
I{x2R2:(x1+

1
2 )2+(x2+

1
2 )21/4}(x)

28
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Retour aux lois de conservation

Stratégie :
• Application de la méthode, a priori adaptée aux solutions discontinues
• Reformulation du problème initial comme un problème aux moments

• X et Y doivent être des compacts
• Passage aux mesures de Young (à la DiPerna)
• Problème polynomial : flux, entropie, fonctions test. . .

• Noyau de Christoffel–Darboux et extraction :
solution approchée ud(t, x, ξ) pour tout (t, x, ξ) ∈ T × X × Ξ

Et maintenant, les détails. . .
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Formulation sur des compacts

Les compacts :
• T × X × Ξ = [0, T ]× [−1, 1]n × [0, 1]p

• U = [−∥u0∥∞, ∥u0∥∞]

On se restreint à des données initiales u0 pour éviter toute interaction avec ∂X :
• Soit ū0 ∈ L∞(Ξ, L∞(Rn))

• Soit ū ∈ L∞(R+ × Rn × Ξ) la solution entropique paramétrique faible
[H] ∃ε > 0 tq ∀(t, ξ) ∈ T × Ξ, ū(t, ·, ξ) = ū0(·, ξ) sur (∂X +B(0, ε)) ∩ X

Le problème mixte
• Solution entropique paramétrique faible
• Données initiales : u0 = ū0|X où ū0 vérifie [H].
• Condition de Dirichlet au bord ∂X :

• On suppose que la trace γ(u0) sur ∂X existe
• On impose u = γ(u0) sur T × ∂X × Ξ
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Solutions à valeur mesure entropique paramétrique

On cherche

µ : T × X × Ξ −→ M+(U)

(t, x, ξ) 7−→ µ(t,x,ξ)

tel que pour tout couple entropique (η, q(ξ)) et φ ∈ C(Ξ, C1(T × X))+,

∫

T

∫

X

∫

Ξ

[
∂tφ

〈
µ(t,x,ξ) | η

〉
+∇xφ ·

〈
µ(t,x,ξ) | q(ξ)

〉 ]
dρ(ξ) dx dt

+

∫

X

∫

Ξ

φ|t=0 ⟨δu0
| η⟩ dρ(ξ) dx−

∫

X

∫

Ξ

φ|t=T

〈
µ(T,x,ξ) | η

〉
dρ(ξ) dx

−
∫

T

∫

∂X

∫

Ξ

φ ⟨δγu0
| q(ξ)⟩ · n∂X dρ(ξ) dσ(x) dt ⩾ 0.

“Extension” de la définition de [DiPerna 1985] (+ [Otto 1996], [Panov 2011]. . .)
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Vers un problème sur les moments : une mesure globale

Soit K = T × X × Ξ× U.
On définit ν ∈ M+(K) par

dν(t, x, ξ, y) = dt dx dρ(ξ) µ(t,x,ξ)(dy)

On peut alors réécrire les inégalités précédentes sur ν comme :
Pour tout couple entropique (η, q(ξ)) et φ ∈ C(Ξ, C1(T × X))+,

G (φ, ν, (η, q)) ⩾ 0

(On omet la dépendance aux données initiale et au bord)

Rq. On peut en déduire la loi de conservation : pour tout ψ ∈ C(Ξ, C1(T × X)),

G (ψ, ν, id, f) = 0.

Problème. Comment en déduire la matrice des moments de ν ?
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Le problème des moments généralisé (GMP)

Moments de ν : mα =

∫

K

Xα dν, α ∈ Nn

GMP : problème d’optimisation linéaire de dimension infinie
• K := {X ∈ Rn; k1(X) ⩾ 0, . . . , km(X) ⩾ 0} ki ∈ R[X]

• Inconnue(s) : mesure(s) de Borel ν ∈ M (K)+
• Fonctionnelle dépendant des moments de ν : p0 ∈ R[X]

inf
ν∈M (K)+

∫

K

p0 dν

• Sous contrainte sur les moments de ν : k = 1, 2, . . . , pk ∈ R[X]

∫

K

pk dν ⩽ bk, k = 1, 2, . . .
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Reformulation sur les moments

Moments de ν : mα =

∫

K

Xα dν, α ∈ Nn

Soit p ∈ R[X]. On note p =
∑

α∈Nn pαX
α. Alors

∫

K

p dν =
∑

α∈Nn

pαmα =: ℓm(p)

Théorème de Riesz–Haviland (1923-36)

Le GMP est équivalent au problème linéaire sur les moments (mα)α

inf
m∈RNn

ℓm(p0)

tel que ℓm(pk) ⩽ bk, k = 1, 2, . . .

ℓm(p) ⩾ 0 pour tout p ∈ R[X] positif sur K
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Hiérarchie de Lasserre

Jean-Bernard Lasserre
Moments, Positive Polynomials and Their Applications.
Imperial College Press, Covent Garden, London, UK (2009)

Troncature convergente du GMP
• Putinar’s Positivstellensatz & sommes de carrés

Reformulation de la contrainte ℓm(p), p|K > 0

• Matrice de localisation (moments d’ordre d pondérée par (kj))
Troncature de la contrainte ℓm(p), p|K > 0

• d→ +∞ : Convergence vers un minimiseur du GMP
• Fonction de Christoffel-Darboux

Si ν = δf(X), reconstruction de f possible

[Marx, Weisser, Henrion, Lasserre 2020] Application à l’Équation de Burgers
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Retour sur les lois de conservation paramétrées

On cherche ν ∈ M+(K) qui vérifie G (φ, ν, (η, q)) ⩾ 0.

Problème des moments généralisé
• T = {t(T − t) ⩾ 0}, idem pour X et U
• Famille de polynômes positifs {φα}α∈F , F ⊂ Nn+p+1

• Flux polynomial en y (Burgers, LWR. . .)
• Couples entropiques, au choix :

• Entropies de Kruzhkov η(y) = |y − κ| =
{
y − κ si y ⩾ κ

κ− y si y ⩽ κ

• Une seule entropie convexe η(y) = y2. . . ? ? ?
• On ajoute G (ψα, ν, id, f) = 0, où {ψα}α∈Nn+p+1 est une base de polynômes
• Fonctionnelle à minimiser “quelconque” : trace de la matrice des moments

−→ Application de la hiérarchie de Lasserre !
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Reconstruction des quantités d’intérêt

Hiérarchie de Lasserre
−→ Approximation des moments de la mesure ν
−→ Mesure ν dont le support est le graphe de (t, x, ξ) 7→ u(t, x, ξ)

Application du noyau de Christoffel–Darboux
• Récupération d’une approximation de u(t, x, ξ) pour tout (t, x, ξ) ∈ K

Moments statistiques de la solution
• Estimation à partir de l’approximation de u
• Calcul direct possible via une hiérarchie de Lasserre alternative

Résultats numériques
• Équation de Burgers + position du pb de Riemann dépendant de ξ
• Équation de Burgers avec f(u, ξ) = (ξ + 1)u2/4, ξ ∈ [0, 1].
• Gloptipoly 3 [Henrion, Lasserre, Lofberg 2007]
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Cas à paramètre fixé
Retrieving the graph of the solution

Figure 1 shows the graphs of the approximate solution fud(t, x, 0) for (t, x) 2 T ⇥ X
(so that the shock is initially located at x = � 1

4 ), with hierarchy’s degree d = 2, 5, 8.

(a) d = 2 (b) d = 5

(c) d = 8

Fig. 1: Graphs of the approximate solution fud(t, x, 0) for d = 2, 5, 8

Figure 2 shows the graphs of the approximate solution fud(
1
4 , x, ⇠) for x 2 X and

⇠ = 0, 1 (so that the shock is initially located at x = � 1
4 and x = 0 respectively), with

relaxation degree d = 2, 5, 8, superposed with the exact solution.

23
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Cas à temps fixé

�0.6 �0.4 �0.2 0 0.2 0.4 0.6

0

0.2

0.4

0.6

0.8

1

Space x

S
ol

u
ti

on
u

d = 2 (blue)

d = 5 (red)

d = 8 (brown)

Exact solution (black)

(a) ⇠ = 0

�0.6 �0.4 �0.2 0 0.2 0.4 0.6

0

0.2

0.4

0.6

0.8

1

Space x
S
ol

u
ti

on
u

d = 2 (blue)

d = 5 (red)

d = 8 (brown)

Exact solution (black)

(b) ⇠ = 1

Fig. 2: Graphs of the approximate solution fud(
1
4 , x, ⇠) for d = 2, 5, 8 superposed with

the exact solution

We see that our approximation is almost indistinguishable from the exact solution
for d = 5, and indistinguishable from the exact solution d = 8. We observe the same
results as in [16], where discontinuities are very well resolved as early as d = 5.

Error estimation

We choose to compute two di↵erent errors of our approximate solution.

l1(T⇥X⇥⌅) error. We randomly pick 25 values in ⌅, and consider 25 equidistant
values in T and X. We denote the test sets ⌅e, Te and Xe respectively. We study the
evolution of the relative l1 error with respect to the degree d of the hierarchy. Namely,
we are interested in

eg(d) :=
ku �fudkl1(Te⇥Xe⇥⌅e)

kukl1(Te⇥Xe⇥⌅e)
.

The results are presented in Table 1 and on Figure 3.

d 2 3 4 5 6 7 8
qd 140 420 990 2002 3640 6120 9690

eg(d) 0.0850 0.0267 0.0191 0.0168 0.0165 0.0167 0.0163

Table 1: Number of unknowns qd and error eg(d) for d = 2, . . . , 8

We observe a fast convergence of the error for small values of d. The convergence
is not monotone and rather slow for high values of d. It may thus seem interesting to
investigate where the errors are concentrated in our approximation. For illustrative
purpose, we plot the distributed error "(t, x) = |fu5(t, x, 0.2) � u(t, x, 0.2)| for (t, x) 2
Te ⇥Xe on Figure 4. We observe that the errors are mostly concentrated around the
shock, but it is noticeable that the closer to the time boundaries, the worse they are.

24
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Erreur globale en fonction du degré

2 3 4 5 6 7 8

10�1.8

10�1.6

10�1.4

10�1.2

10�1

d

e g

Fig. 3: Evolution of the error eg with relaxation degree d

(a) z axis from 0 to 1 (b) z axis from 0 to 6 ⇥ 10�3

Fig. 4: Graph of the error "(t, x) = |fu5(t, x, 0.2) � u(t, x, 0.2)|

We observe similar results on other numerical tests, although for smaller values of
d we also observe large errors near spatial boundaries.

25
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Répartition de l’erreur
2 3 4 5 6 7 8

10�1.8

10�1.6

10�1.4

10�1.2

10�1

d

e g

Fig. 3: Evolution of the error eg with relaxation degree d

(a) z axis from 0 to 1 (b) z axis from 0 to 6 ⇥ 10�3

Fig. 4: Graph of the error "(t, x) = |fu5(t, x, 0.2) � u(t, x, 0.2)|

We observe similar results on other numerical tests, although for smaller values of
d we also observe large errors near spatial boundaries.
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Flux paramétré

�0.6 �0.4 �0.2 0 0.2 0.4 0.6

0

0.2

0.4

0.6

0.8

1

Space x

S
ol

u
ti

on
u d = 2 (blue)

d = 5 (red)

d = 8 (brown)

Exact solution (black)

(a) ⇠ = 0

�0.6 �0.4 �0.2 0 0.2 0.4 0.6

0

0.2

0.4

0.6

0.8

1

Space x
S
ol

u
ti

on
u

d = 2 (blue)

d = 5 (red)

d = 8 (brown)

Exact solution (black)

(b) ⇠ = 1

Fig. 8: Graphs of the approximate solution fud(
1
4 , x, ⇠) for d = 2, 5, 8, superposed with

the exact solution

l1(T ⇥ X ⇥⌅) error

We pick at random 25 values in ⌅, and consider 25 equidistant values in T and X. We
denote the test sets ⌅e, Te and Xe respectively. We study the evolution of the relative
l1 error with respect to the degree d of the hierarchy. Namely, we are interested in

eg(d) :=
ku �fudkl1(Te⇥Xe⇥⌅e)

kukl1(Te⇥Xe⇥⌅e)
.

The results are shown in Table 4 and on Figure 9.

d 2 3 4 5 6 7 8
qd 140 420 990 2002 3640 6120 9690

eg(d) 0.0738 0.0285 0.0142 0.00772 0.00780 0.00818 0.00963

Table 4: Number of unknowns qd and error eg(d) for d = 2, . . . , 8

30
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Flux paramétré : convergence

2 3 4 5 6 7 8
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Fig. 9: Evolution of the error eg with relaxation degree d

We note here the same phenomenon as for the errors presented above occurring,
where the approximation improves as d rises until d = 5. Then the convergence is not
monotone and rather slow.

Conservation condition

We once more study the conservation condition by plotting the function t 7! cd(t, ⇠) =R
X

(fud(t, x, ⇠) � u(t, x, ⇠))dx for ⇠ = 0.2 for 11 equidistant points in T and d = 2, 5, 8
on Figure 10. The same remark as for the previous experiment holds: the conservation
condition is rather well satisfied and it tends to improve as d increases.
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Conservation imposée ou pas
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for B 2 {L, R} and 1  i  n, with supports

K±
B,i := supp(#±

B,i) = {(t,x, ⇠, y, v) 2 KB,i ⇥ U : ±(y � v) � 0}. (46)

The relation between ⌫ and split measures #+ and #� is imposed through moment
constraints

Z

K⇥U

w↵v�(d#+ + d#�)(w, v) =

Z

K⇥U

w↵v�d⌫(w)dv, (47)

for all ↵ 2 Nn+p+2 and for all � 2 N. Similar conditions are imposed between time
and boundary measures and their corresponding split measures.

C Not imposing (18) for the Burgers equation

For illustrative purposes, we solved the GMP and reconstructed the approximate solu-
tion without imposing (18) for the Riemann problem where the initial position of the
shock is parametrised. At relaxation degree d = 5 and for ⇠ = 0.6, which is equiva-
lent to a shock initially located at x = � 1

10 , it yields Figure 11. We observe here that
removing (18) from the constraints highly degrades the approximation.

Fig. 11: Graph of the approximate solution fud(t, x, 0.6) for d = 5 without imposing
(18)
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Conclusion

• Méthode numérique sans maillage
• Approximation des solutions à valeurs mesure (avec unicité)
• Problème d’optimisation linéaire
• Résolution globale sur T × X × Ξ

• Algorithme lent et sensible (malédiction de la dimension)
• Autres algorithmes. . .

• Structure de la matrice des moments ?
• [Mula, Nouy 2022], travail en cours pour le transport. . .

• Autre chose que le problème de Cauchy ?
• Autres EDP plus faciles. . .
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