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Two classical models of traffic flow

General goal: derive traffic flow models on junction from microscopic models.
Two kind of models for traffic flow on the line:

1) Microscopic models: e.g., the follow-the-leader model is a system of ODEs

d

EU,‘(I‘) = V(Ui+1(t) — U,'(t)), t=>0,VieZ.

2) Macroscopic models: e.g., the Lighthill-Whitham-Richards (LWR) model is the scalar
conservation law

dep+ (pv(p))x =0 inR x (0, +00),
(M. J. Lighthill and G. B. Whitham (1955), P. I. Richards (1956))



Goal of the talk

> Discuss how to derive the LWR model
dp+ (pv(p))x =0  inR x (0,+00),

from the follow-the-leader model

d

dt

> Well-known when all the vehicles are identical and on a single road. Then
f(p) = pV(p) = pV(l/p) (Aw, Klar, Materne, and Rascle (2002))

U,‘(t) = V(Ui+1(t) — U,'(t)), t>0,YieZ.

> Main contributions: we address the case where

> the vehicles have a different behavior
> and on a bifurcation.
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Some references

Topic at the intersection of scalar conservation law, Hamilton-Jacobi and stochastic
homogenization - Many many references!

Rigorous derivation of the macroscopic model from the microscopic one:

> For one type of vehicles: B. Argall, E. Cheleshkin, J. M. Greenberg, C. Hinde, and P.-J. Lin (2002), A. Aw, A. Klar,
T. Materne, and M. Rascle (2002), M. Di Francesco and M. D. Rosini (2015), P. Goatin and F. Rossi (2017), H. Holden
and N. H. Risebro (2018),..

> For several types of cars: N. Chiabaut, L. Leclercq, and C. Buisson (2010), N. Forcadel and W. Salazar (2015)

Analysis of microscopic models on a junction
> R.M. Colombo, H. Holden, and F. Marcellini (2020)

Analysis of macroscopic models on a junction

> Formulation in terms of conservation laws:
G.D. Adimurthi, G. Veerappa (2003), E. Audusse, B. Perthame (2005), M. Garavello and B. Piccoli (2006), R. Burger, K.H.
Karlsen, J. Towers (2009), M. Herty, J. P. Lebacque, and S. Moutari (2009), B. Andreianov, K.H. Karlsen, N.H. Risebro
(2010), G. M. Coclite, M. Garavello, and B. Piccoli (2015), A. Bressan, and K.T. Nguyen (2015), B. Andreianov, and
M. D. Rosini (2018), ..., M. Musch, U.S. Fjordholm and N.H. Risebro (2022)

» Formulation in terms of Hamilton-Jacobi equations:
C. Imbert, R. Monneau, and H. Zidani (2013), G. Galise, C. Imbert, and R. Monneau, R. (2015), P.-L. Lions-P. Souganidis
(2016, 2017), N. Forcadel, W. Salazar, and M. Zaydan (2018), N. Forcadel, and W. Salazar (2020),...

(Stochastic) homogenization of HJ equations, with works by

Armstrong, Caffarelli, C., Ciomaga, Davini, Feldman, Kosygina, Lin, Lions, Nolen, Novikov, Papanicolau, Schwab, Seeger, Smart,
Souganidis, Tran, Varadhan, Yilmaz, Zeitouni...

—> strongly inspired by the works of Kesten ('93) and Alexander ('93) in first passage percolation.
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A random microscopic model

We consider a random version of the follow-the-leader model:

%U;(t) = VZV.(U;+1(t) — U,‘(t)), t>0,YieZ,
where
> Infinitely many cars, indexed by i € Z,
> U; denotes the position of car i at time t,
> Cars are ordered: Uj(t) < Uj41(t) for all t, i,
> The velocity V = Vz(p) of car i depends on the distance p of car i to car i + 1 and
on the “type” Z; of car i

> The types are (Z;) are i.i.d. and take values in a finite set Z.

(cf. N. Chiabaut, L. Leclercq, and C. Buisson ('10))



Assumptions

On the velocity map V : Z x Ry — R, we assume the following:

(H1) For any z€ Z, p — V;(p) is Lipschitz continuous;

(H2) For any z € Z, there exists h§ > 0 such that V;(p) = 0 for all p € [0, hj];
(Hs) For any ze€ Z, p — V,(p) is increasing in [h§, +00);

(Ha) There exists Vinax > 0 and, for any z € Z, there exists V7, < Vinax, such that

limp— 100 Vz(p) = Viax:



The (integrated) distribution of cars

» For e > 0, we consider an initial condition (U?) and let (U;) be the solution of
d
EUi(t) = Vz/.(U,url(t) — U,‘(t)), t>0,VieZ.

with initial condition (U?).

> We are interested in the distribution of vehicles Z Syi(e)-
i€Z
> (Integrated distribution) We set
N, t) = D0 Sy (G +2) = > Sy (=0, x]).
i€Z, i<0 i€Z, i>0
Remark: OxN“ (-, t) = — >z 0y, (e)-
> (Scaled integrated distribution)
VoY (x, t) = eN“(x/e, t/e) V(x,t) € R x [0, 400).



Main result for the problem on the line

Theorem (C.-Forcadel, (SIMA '21))

> Assume that v (-,0) converges locally uniformly and a.s. to the Lipschitz continuous map
vy : R — R.

> Then the v converges a.s. and locally uniformly to the unique (Lipschitz) continuous
viscosity solution v to
otv + H(0xv) =0  in Rx]O, +o0[
v(x,0) = vo(x) inR

> where the effective Hamiltonian H is given by H(p) = pV(—1/p) with

V : [0, +0) — [0, min,ez VZ,, ] defined by

> V(p) = 0if p < hg where hg := E[hgo],
> and E[V, ' (V(p)] = p if p > ho.



Link with the Lighthill-Whitham-Richards (LWR) model

We come back to the (rescaled) empirical density of cars:

pe(t) = €Z5eu;(:/e), t>0.

i€Z

Corollary [Convergence to the LWR model]
As € — 0, p°(t) converges, a.s., in distribution and locally uniformly in time, to

p(x,t) == —oxv(x, t),

where v is the solution of the limit HJ equation. Moreover p is the entropy solution of the
LWR model
(LWR) Oep + 0x(pv(p)) =0 inR x Ry,

with initial condition dx10(-) and where the fundamental diagram is given by
v(p) = V(1/p).



Ingredients of proof

> Localization argument: approximate finite speed of propagation,
> Existence of correctors,

> Standard techniques in homogenization of HJ equations



Approximate finite speed of propagation

Lemma R
There exists 8 > 0 such that, if (U;) and (U;) are two solutions of the equation with

U;(0) < U;(0) for i < ip (where ig € Z), then
Ui(t) < Ui(r) + 200t wi<iy, t=0.

Consequence: comparison principle.



Existence of correctors

Given 6 € (0, Vimax), we consider the random sequence (c) defined by
C = 0, Cﬁ{—l = C,‘e + VZI(G)

In other words,
Va(ctii—cy=0 VieZ.



Existence of correctors

Given 6 € (0, Vimax), we consider the random sequence (c) defined by
C = 0, Cﬁ{—l = C,‘e + VZI(G)

In other words,
Va(ctii—cy=0 VieZ.

Central remark: The family (U (t) := ¢! + t0)cz is a self-similar and “almost planar”
solution to the system

d

5 Ui(0) = Vz(Una(t) = Ui(t)), t >0, Vi € Z,



Existence of correctors

Given 6 € (0, Vimax), we consider the random sequence (c) defined by
< =o, =d + VZTI(G).

In other words,
Va(ctii—cy=0 VieZ.

Central remark: The family (U (t) := ¢! + t0)cz is a self-similar and “almost planar”
solution to the system

Indeed d
EU?(t) =0 = Vz(clhy — ) = V5 (Ul (t) = T (1)),

while, by the law of large numbers, a.s.,




Construction of the effective velocity

Recall that hg := IE[ °]. Given p > ho, we consider the solution UP to the problem with
linear initial cond|t|on

UP() = Va(Ua(0) ~ TP(), €20, DPO)=pi  Viz0

Proposition [Convergence for linear initial conditions]

There exists Qg € F with P(€g) = 1 such that for every p > 0, i € N and w € Qq
P

lim ur®)

t—+400 t

=V(p) Vi=0,

where the continuous and non-decreasing map V : Ry — R, is defined by
> \7(p) =0 if p < hy where hg := E[hg"],
> E[VZGI(V(p))] = pif p> ho.
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The model on a bifurcation

x<0
x=0

RO i -

We consider a traffic model with
> One incoming road,
> K outgoing roads,
> A bifurcation between —Ry and 0,
> No overtaking (expect between —Rp and 0),

K
> We set R = ((=0,0] x {0}) u | J ([0, +0) x {k}).
k=1



Types and order

> Infinitely many cars, indexed by i € Z,
> The type of car i is denoted by Z;,
> The Z; are i.i.d. with values in a finite set Z,

> The outgoing road T; € {1,..., K} chosen by car i is determined by Z;: namely T; := T(Z;)
where T : Z2 — {1,...,K},

> For ke {1,...,K}, we set mx = P[T; = k]: this is the proportion of cars taking road k.

> The cars are “ordered”: the car in front of car i is
> i+ 1if Ui(t) < —Ro,
> £ if Ui(t) > 0, where £; = inf{j > i, T; = T;},
> i+ 1 and ¢ if Ui(t) € [—Ro,0].



Dynamics

The dynamics of the cars is given by
%U,—(t) = Vz, (Uig1(t) = Ui(t) , Ug(t) — Ui(t) , Ui(t)), t=>0,ieZ.
where . .
Va(er, e2,x) = { VQZ)) o S ook T(2)



The (integrated) distribution of cars

> Fix an initial condition (U,p),-ez and let U be the associate solution.

> (Integrated distribution) We set, for k € {1,..., K} and (x,t) € [0, +00) x [0, +00),
N¥(x, k, t) = > Su;(r) ((x, +0)) = > Su;(¢) (=00, x]).

i€z, i<0, Tj=k i€z, i>0, Tj=k
and for x <0

N¥(x,0, ) = Y 6,6 ((x, +0)) — Y Sun((—o0,x]).

i€Z i€Z, i>0, Ti=k
> (Scaled integrated distribution)
e(mF) "IN (x/e, k, t/e)  V(x, k,t) e [0,+0m0) x {1,..., K} x [0, +00)
“(x, k,t) =

eN“ (x/e, 0, t/e) V(x,t) € (—0,0] x (—0,0]



Assumptions

(H1)

(H2)

(Hs3)

(Ha)

(Hs)

For any z € Z, the map (e1, &2,x) — V;(e1, e2, x) is Lipschitz continuous from R%r x R to

R4 and nondecreasing with respect to the first two variables;

There exists eémax > Amin > 0 and 0 < R» < R; < Ry, with Ry > emax, such that for any

ze Z, for any (e1, e, x) € R2 x R,

(i) Vz(e1,e2,x) =0if (e1 < Amin and x < —Rp) or if (&2 < Amin and x = —Ry),
(ii) Vz(e, e2,x) = V;(emax, €, x) and Vz(el7e x) = Vz(e1, emax, x) if € = emax;

There exists V0,..., VK : [0, +00) — [0, +00) such that
Vo(el) if x<—Rgy
V. = ~Z
2(e1 &, %) { Vk(e) if x> 0and T(z) = k.
For any z € Z and any k € {0,..., K}, there exists hK_, , € (Amin, emax] such that
p — Vk(p) is increasing and concave in [Amin, h;ax,z] and constant on [hﬁ,‘jax,z, +00);
There exists £ > 0 such that, for any z € Z,

(i) Vz(er,e2,x) = Vo(e1) if e; < &, x < —Ry and V; (e, &,x) < &,
(i) oxVz(e1,e2,x) = Difxe [—R1,0] and V;(e1, e2,x) < K,
(iii) Vz(e1,e2,x) > 0if e1 A & > Amin.



Main convergence result

Theorem (C.-Forcadel (To appear in ARMA))

Under the previous assumptions on V/, there exists a constant A < 0 (the flux limiter) such that, if
ve(-,-,0) converges locally uniformly in R and a.s. to a Lipschitz continuous map vy : R — R,
then v¢ converges locally uniformly and a.s. in R x [0, +00) to the unique continuous viscosity

solution of the Hamilton-Jacobi equation with flux limiter A:

Orv(x, k, t) + HX(0xv(x, k, 1)) =0 in (R\{0}) x (0, +00)
orv 4+ max{A, H®* (éov), H»~ (81v),..., A~ (ékv))} = 0at x = 0

v(x, k,0) = vo(x, k) in R.



Main convergence result

Theorem (C.-Forcadel (To appear in ARMA))

Under the previous assumptions on V/, there exists a constant A < 0 (the flux limiter) such that, if
ve(-,-,0) converges locally uniformly in R and a.s. to a Lipschitz continuous map vy : R — R,
then v¢ converges locally uniformly and a.s. in R x [0, +00) to the unique continuous viscosity

solution of the Hamilton-Jacobi equation with flux limiter A:
Orv(x, k, t) + HX(0xv(x, k, 1)) =0 in (R\{0}) x (0, +00)
orv 4+ max{A, H®* (éov), H»~ (81v),..., A~ (ékv))} = 0at x = 0

v(x, k,0) = vo(x, k) in R.

The homogenized Hamiltonian H*: Let V¥ be the homogenized velocities on the single road k.
We have set

H°(p) = pV°(=1/p), H*(p) = pV*(—1/(z*p))  pe (—x,0)
Viscosity solutions: test functions are continuous on R and C! on each branch.

Notation: H%+ (resp. H*~ is the largest nondecreasing map below H° (resp. the largest
nonincreasing map below Hk).



Ingredients of proof

> Existence and uniqueness (by comparison) of the viscosity solution on a junction are due to
Imbert-Monneau ('13).
(see also Lions-Souganidis ('16) and the monograph by Barles-Chasseigne ('18))

> Localization argument: extension of the “almost” finite speed of propagation,
= any limit (up to a subsequence) of ¢ solves the HJ outside the junction.

> Main difficulty: construction of the flux limiter A



Construction of A

> We assume for simplicity that HO = H! = ... = HK = H

> Let e > 0 be such that H(—1/e) = min, H(p) and let (Ue ;) be the solution with initial
condition U,,;(0) = ei for i € Z.

> The time function: For t > 0, let 6.(t) be the number of vehicle having gone through 0
between time 0 and time t:

0e(t) = §{i € Z, Is € [0, ] with U, ;(s) = 0} .
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The limit Je of 0 (t)/t exists a.s. as t — 400, with Je < —min H°. The flux limiter is then
A= —De.



Construction of A

> We assume for simplicity that HO = H! = ... = HK = H

> Let e > 0 be such that H(—1/e) = min, H(p) and let (Ue ;) be the solution with initial
condition U,,;(0) = ei for i € Z.

> The time function: For t > 0, let 6.(t) be the number of vehicle having gone through 0
between time 0 and time t:

0e(t) = §{i € Z, Is € [0, ] with U, ;(s) = 0} .

Theorem (Limit of the time function)

The limit Je of 0 (t)/t exists a.s. as t — 400, with Je < —min H°. The flux limiter is then
A= —De.

Main steps of proof:

> A concentration inequality: There exists C > 0 such that
P [|0e(t) — E[0e(t)] | = et] < Cexp{—¢*t/C}.
> Superadditivity property: for h < —min, H(p), set M, 5 (t) = infsefo,e] E [0e(s)] — hs. Then

M, 5(t1+ t2) = M, 5 (t1) + M, j,(t2) — C(1 + (In(t + N8 (1 + )7/8).
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The conservation law on the network

Recall that the limit flow v solves the Hamilton-Jacobi equation

v (x, k, t) + H*(0xv(x, k, 1)) =0 in (R\{0}) x (0, +0)
drv + max{A, H%* (o), H» = (01v), ..., A (0kv))} =0 at x = 0

v(x, k,0) = vo(x, k) in R.

Let us set
p(t, x, k) := —*0cu(t, x, k).

Then (outside of the junction) p is an entropy solution of the scalar conservation law
o
dep(t, x, k) + (F(p(t,x, K))x = 0 in (0,400)x R,
where fk(v) = —xkHK(—v/xk).

Lemma [Detailed Rankine-Hugoniot condition]
We have, for any ke {1,...,K},

5 (p(t,0,k)) = 75fO(p(t,0,0))  ae. t>0.

— One needs however stronger conditions to select the solution (Adimurthi, Mishra and
Veerappa Gowda ('03))



Stationary solutions

For the Hamilton-Jacobi, stationary solutions are of the form
u(t,x, k) = () Texx — tH (—ey/m)
where e = (e, ..., ex) € RE*! and
1. (continuity at x = 0) HX(—ey/m*) = H(—ep), i.e.,
K (e) = 74 F0e0)  Vke{l,...,K}.

2. (condition on the junction) we have H(—¢p) > A and
either H(—eg) = A, or H T (—ey) = H(—ep),
or HY = (—(7*)7tey) = H*(—(n*)"1e,) for some ke {1,...,K}.
which can be written as:
%(eo) < —A and either (&) = —A, or T (eg) = O(ep),
or F*~ (ex) = f¥(ex) for some k e {1,...,K}.



Stationary solutions

For the Hamilton-Jacobi, stationary solutions are of the form
u(t,x, k) = () Texx — tH (—ey/m)
where e = (e, ..., ex) € RE*! and
1. (continuity at x = 0) HX(—ey/m*) = H(—ep), i.e.,
K (e) = 74 F0e0)  Vke{l,...,K}.

2. (condition on the junction) we have H(—¢p) > A and
either H(—eg) = A, or H T (—ey) = H(—ep),
or HY = (—(7*)7tey) = H*(—(n*)"1e,) for some ke {1,...,K}.
which can be written as:
O(ep) < —A and either f0(e) = —A, or FOF (eg) = O(ep),
or F*~ (ex) = f¥(ex) for some k e {1,...,K}.

> Such e € RK*1 should correspond to the stationary solutions of the conservation law on the
junction.

> Following [Andreianov, Karlsen, and Risebro, '11] and [Musch, Fjordholm and Risebro, '22]
we define the germ G as the set e € RK+! satisfying condition (1) and (2).



The notion of germs

Following [Andreianov, Karlsen, and Risebro, '11] and [Musch, Fjordholm and Risebro, '22],
> a solution p to the conservation law on the junction associated with the germ G is an entropy
solution on (0, +00) x 702 satisfying
(%) p(t,0) e g ae. t>0.
(p(t,0) is the trace of p in the sense of Panov ('07))

> Existence, uniqueness and stability (L! contraction) of solutions are proved when G satisfies
the Rankine-Hugoniot condition and is “mutually consistent” and “maximal”:

> The germ G is mutually consistent if for any U = (#/), U = (&) € G,

qO 0—0 Zunjuj

j=1

where ¢/(c’, ) := (Fi(c’) — fi(c))sign(c’ — ¢) (j =0, ...K).
> The germ G is maximal if, for any U = (/) satisfying the Rankine-Hugoniot condition,

K
[qo(uo,a°)>2qJ(L/,r/) vU:(r/)eg] —  Ueg.

j=1



Analysis of our germs

Recall that the germs arising in our analysis if given by
G ={U = (&), such that o/ = 7/u° Vi=1,...K,
fO(u°) < —A and [ either FO(u0) = —A, or F&+ (1) = FO(u0),

or F~ (u*) = F¥(u¥) for some ke {1,..., K}]

Lemma
> If K =1, the germ G is mutually consistent and maximal.

> If K = 2, the germ G is not mutually consistent in general.

Theorem [C.-Forcadel-Girard-Monneaul]
If K =1 and u solves HJ, then p := —0yu satisfies (*).

Idea of proof:
> “Standard” outside the junction (Caselles ('92), Colombo-Perrollaz-Sylla ('22))

> By discretization (numerical schemes) on the junction

> ... or by approximation by very smooth data.
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In this talk we have

> derived (in terms of HJ eq) the macro behavior of cars on a bifurcation from its micro
behavior
> made the link with conservation laws with discontinuous flux when K =1
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> Convergence rate

> Obtain a complete relationship between formulations in terms of conservation law and
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> Models with several lines, incoming and outgoing roads, overtake...

Thank you!
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