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Abstract

The goal of this paper is to derive a traffic flow macroscopic model from a second order
microscopic model with a local perturbation. At the microscopic scale, we consider a Bando
model of the type following the leader, i.e the acceleration of each vehicle depends on the
distance of the vehicle in front of it. We consider also a local perturbation like an accident
at the roadside that slows down the vehicles. After rescaling, we prove that the ”cumulative
distribution functions” of the vehicles converges towards the solution of a macroscopic ho-
mogenized Hamilton-Jacobi equation with a flux limiting condition at junction which can be
seen as a LWR (Lighthill-Whitham-Richards) model.
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1 Introduction

The modelling and simulation of traffic flow is a challenging task in particular in order to design
infrastructure. Indeed, there are some examples in which the construction of a new infrastructure
did not improve the traffic. For example, in Stuttgart, Germany, after investments into the road
network in 1969, the traffic situation did not improve until a section of newly build road was closed
for traffic again (see [22]). This is known as the Braess’ paradox. In the past years, a lot of work
has been done concerning the modelling and simulation of traffic flows problems.

Traffic flow can be modelled at different scales depending on the level of details one wants to
observe: the microscopic scale (describes the dynamics of each of the vehicles), the macroscopic
scale (describes the dynamics of the density of vehicles) and the mesoscopic scale (describes the
dynamics of the density of vehicles but the car-to-car interactions are not lost).

Microscopic models are considered more justifiable because the behaviour of every single vehicle
can be described with high precision whereas macroscopic models are based on assumptions which
are less verifiable. Another way to justify macroscopic models is to derive them from microscopic
models by rescaling arguments.

The problem of deriving macroscopic models from microscopic ones has already been studied
for models of the type following the leader (i.e. the velocity or the acceleration of each vehicle
depends only on the distance to the vehicle in front of it). We refer for example to [3, 8, 16, 17, 23]
where the authors rescaled the empirical measure and obtained a scalar conservation law (LWR
model). In particular, passing from microscopic to macroscopic model for second-order models
was instead investigated in [3, 15], where the Aw-Rascle model is derived as the limit of a second
order follow-the-leader model.

INormandie Univ, INSA de Rouen, LMI (EA 3226 - FR, CNRS 3335), 76000 Rouen, France, 685 Avenue de
I"Université, 76801 St Etienne du Rouvray cedex. France



In this paper we establish a connection between a car-following model and a fluid-dynamic
model. This result is a generalization of the results of [13] to a second order microscopic model.
We consider a second order microscopic model of follow-the-leader type with a local perturbation.
In such model, the whole traffic flow is determined by the dynamics of the very first vehicle (the
leader). We will establish a connection between this second order discrete model and a macroscopic
model equivalent to a LWR model. The idea is to rescale the microscopic model, which describes
the dynamics of each vehicle individually, in order to get a macroscopic model which describes the
dynamics of density of vehicles.

The model we study here is similar to the one considered in [12], but in our work, as in [13],
we assume that there is a local perturbation (located at the origin for example) that slows down
the vehicles and we want to understand how this local perturbation influences the macroscopic
dynamics. Due to this perturbation, it is natural to get an Hamilton-Jacobi equation with a
junction condition at the origin and an effective flux limiter. Further, our result is stronger than
the one in [13] because our microscopic model is a second order model which is more realistic than
the first order model considered in the last paper. From a mathematical point of view the fact of
considering a second order model presents many technical difficulties. First, we need to consider
a system of two non-local PDEs instead of a single equation [11, 12]. Moreover, the two functions
that we consider have to satisfy certain properties that derive from the physical characteristics of
the microscopic model and those properties need to be proven for the system of non-local PDEs
which is more complicated in the case of a second order model than in the case of a first order
model.

Paper organization. The paper is organized as follows. In Section 2, we present the microscopic
model for which we will present an homogenization result. In Section 3, we inject the system of
ODEs into a system of PDEs and we present our main results. Section 3.3 is dedicated to the
definition of the non-local operators which appear in the PDEs given in Section 3. In Section
4, we introduce the notion of viscosity solutions for the considered problems and give stability,
existence and uniqueness results. In Sections 5 and 6 we present the correctors necessaries for the
proof of convergence which is located in Section 7. Section 8 contains the proof of existence of
correctors for the junction, where we use the idea developed in [1, 14] and in the lectures of Lions
at the "College de France" [25], which consists in constructing correctors on truncated domains.
In Section 9 we show the link between the system of ODEs and the system of PDEs which proof
is in Appendix B. Finally in Appendix A we analyse the properties of the microscopic model.

2 A first main result

In this paper, we are interested in a second order microscopic model that can simulate the presence
of a local perturbation. In order to do that, we considered a modified version of the model
introduced by Bando et al in [4]. More precisely, we consider a "follow-the-leader" model of the
following form

Ui(t) = a (VU (t) = U; (1) - 6 (U;(1) = U; (1)) , (2.1)

where U; denotes the position of the j-th vehicle, Uj its velocity and UJ its acceleration. The
function ¢ simulates the presence of a local perturbation located at the origin and we denote by
r its radius of influence. In this model, ¢ and V represent respectively the drivers sensibility and
the optimal velocity function. We make the following assumptions on V', ¢ and on the coefficient
a.

Assumption (A)
e (Al) V:R — R is Lipschitz continuous, non-negative.

e (A2) V is non-decreasing on R.

e (A3) There exists hg € (0,400) such that for all h < hg, V(h) = 0.



e (A4) There exists hpqae € (ho, +00) such that for all b > hyae, V(B) = V(hmaes) = Vinae-
e (A5) The function p — pV(—1/p) is strictly convex on [—1/hg,0).

e (A6) The function ¢ : R — (0, 1] is Lipschitz continuous and ¢(x) = 1 for |z| > r. We denote
by ¢o = min ¢(x) > 0.

z€[—r,r]

e (AT)(Monotonicity). a = 4|[V'|| [[6llo + 416"l [Vl

Remark 2.1 (Remark on (A6)). In the case ¢ = 0 on an open interval (therefore ¢po = 0) all
the vehicles left of the perturbation would come to a full stop. This case lacks any interest and
therefore we can assume that ¢g > 0.

Remark 2.2 (Remark on (A7)). Assumption (A7) yields that for all (b,x) € R?, the function
fizm %z—2V(b+z)¢(m—z)

is non-decreasing. This result is particularly important later in the paper because it implies that
the systems we consider later in this work are monotone in the sense of Ishii and Koike [21], which
will imply the uniqueness of the solution we consider.

As we said in the introduction, in order to obtain an homogenization result for (3.1), we will
inject the system of ODEs into a system of PDEs. To do so, we proceed as in [10, 13] by introducing
the rescaled "cumulative distribution function", which is the primitive of the rescaled empirical
measure, defined by,

po(ty)=—e | Y _H(y—ceU(t/e)+ Y (—1+ H(y—cU;(t/e))) (2.2)

i>0 i<0
with
1 ifz>0
H(m)_{ 0 ifz<0. (2:3)

The macroscopic model

We define H : R — R, by

—p— ko for p < —kg,

— -1

Hp)=¢ -V (p) <Ip| for —ko <p<0, (2.4)
P for p > 0.

Note that such H is continuous, coercive and because of (A5), there exists a unique point py €
[—ko, 0] such that

H is decreasing on (—o0,pg) (2.5)

H s increasing on (pg, +00), .
and we denote by

Hy := H(po) = min H(p) < 0. (2.6)

pER



We want to show that the rescaled "cumulative distribution function" converges to the solution
of the following macroscopic model.

ud + H(ul) =0 for (t,x) € (0,400) x (—o0,0)
u) + H(ul) =0 for (t,x) € (0,4+00) x (0, +00) 27)
uf + F(ul(¢,07),ul(¢,01)) =0 for (t,z) € (0,+00) x {0} '
u®(0,z) = ug(z) for zeR.
where A has to be determined and I is defined by
S 7+ —_—
F4(p—,p+) = max (A,H (p-),H (er)) , (2.8)
with
7 H(p) ifp<po =+ { H(po) ifp<po
H =4 = . d H =4 — . 2.9
) {H(po) ifp>py (®) H(p) ifp=po 29)
The initial condition ug is a function that satisfies
—ko < (up)y <0 andforalle >0 p°(0,z)= VLOEW)J . (2.10)

According to [19], for all A € R, there exists a unique solution u® of (2.7).

Remark 2.3. We notice that in the case of traffic flow, (2.7) is equivalent (deriving in space) to
a LWR model (see [24, 26]) with a fluz limiting condition at the origin. In fact, the fundamental
diagram of the model is pV (1/p) and ul corresponds to the density of vehicles.

Passage from a microscopic to a macroscopic model

The main result of this paper is the following convergence result.

Theorem 2.4 (Passage from a microscopic to a macroscopic model). Assume (A). There exists a
unique A € [Hy, 0] such that the function p® defined by (2.2) converges locally uniformly towards
the unique solution of (2.7).

3 Main results

3.1 Injecting the system of ODEs into a system of PDEs
In the rest of the paper, we will work with an equivalent formulation of (2.1). We borrow the idea
from [9, 11, 12] and consider for all j € Z,

- 1. . a

=) =U;(t) + EUj(t) with «a = 3

Using this new function, we obtain the following system of ODEs equivalent to (2.1) for all j € Z,
for all t € (0, 400),

. (3.1)
Zi(t) = a(U;(t) = ;) + 2V (U3 (t) = U;(¢)) - ¢ (U;(2)) -

In Appendix A, we give some properties of system 3.1, such as maximal velocities of the vehicles
and minimal and maximal distance between two consecutive vehicles.



We now introduce the "cumulative distribution function" for (Z;),, defined by

o%(t,y) = — | D _H(y—eEi(t/e)) + Y (~1+H(y—eZi(t/e) | (3.2)

i>0 i<0
Under assumption (A), (p®,0°) is a discontinuous viscosity solution (see Theorem 3.3) of the

following non-local equation, for all (¢,z) € (0,4+00) x R,

uf + M* (“6@,@ [ge(t,')D (2) - [uE| = 0
sy (x Sw) ng =R (35)

The definition of M* and L° is postponed to the next section. We submit equation (3.3) to the
following initial condition. For all x € R,

uE(O, x) = UO(x)
{ £°(0,2) = & (). (3.4)

We also assume that the initial condition satisfies the following assumption.

(A0) (Gradient bound) Let kg = 1/hg. The functions uy and &§ are Lipschitz continuous
functions, such that

—ko < (£5)= <0, (3.6)
and
0 <& (x) —uo(x) <e. (3.7)

Remark 3.1. The initial conditions uo and & are "reqular” functions such that for all € > 0 we
have

(0, 2) = VOS)J and 0°(0,z) = {WJ (3.8)
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For e = 1, the conditions on the gradients translate the fact that at the initial time there is at
least hg meters between two consecutive vehicles. In the rest of the paper we are interested in the
behaviour of p° and o€ as e goes to 0. This in fact translates to studying the behaviour of the traffic
as the number of vehicles per unit length goes to infinity. For € = 1 condition (3.7) translate the
fact that at initial time the velocity of the vehicles must be bounded so the ordering of the vehicles
is kept.

The fact that £§ depends on € comes from the rescaling. In fact, given that o¢ is the "cumulative
distribution function" of (Z;); which are defined using the velocity of the vehicles, an € appears
multiplying the velocity when rescaling (see [12, Remark 1.2]). Therefore, £§ tends to ug as & goes
to zero. Finally, to simplify the notations, we denote by & = &F for e = 1.

3.2 Convergence result

Theorem 2.4 is a consequence of the following theorems. The proof of Theorem 3.2 is postponed
until Section 7 and the proof of Theorem 3.3 is postponed until Section 9.

Theorem 3.2 (Junction condition by homogenization). Assume (A) and (A0). For e > 0, let
(u®, &%) be the solution of (3.3)-(3.4). Then there exists A € [Hy,0] such that u¢ and £° converge
locally uniformly to the unique viscosity solution u® of (2.7).



Theorem 3.3 (Junction condition by homogenization: application to traffic flow). Assume (A)
and that at the initial time (U;(0),E;(0)); satisfies

Vmam —_
0 S 51(0) — Ul(O) S o 5 Ul+1(0) — :Z(O) 2 ho, and UH»I(O) — UZ(O) S hma:r~

We define two function ug and &§ satisfying (A0) such that for all e > 0,

p°(0,2) = ¢ {“OS”)J and 0°(0,z) = ¢ {WJ

9

then there exists a unique A € [Hy, 0] such that the functions p° and o¢ defined by (2.2) and (3.2)
converge locally uniformly towards the unique solution u® of (2.7).

The following theorem ensures that when we use (2.7) we only evaluate the function H in the
interval [—kg, 0]. The proof of Theorem 3.4 is postponed until Section 7.

Theorem 3.4 (Gradient bound). Assume (A0)-(A). Let u® be the unique solution of (2.7), then
we have for all (t,z) € [0,T] x R,

—ko <u <0,

with ko defined in (A0).

3.3 Definition of the non-local operators

In this section, we clarify equation (3.3). We will give the definition of M and L, and then the
definition of M€ and L*. To do this, we first introduce the following functions.

—a if 2z > 1 if 1 ifz>-1
RS RSN (O R SESIMED (CE S
0 if 2z <0, 0 if z >0, 0 if z < —1,

. —a if . 1 ifz< _ 1 ifz> -1
Be={ " T Re =40 TS0 and e =q0
0 if 2 <0, 0 if z>0, 0 ifz<-1.

For z,p € R, we then define the following non-local operators
D
M, U@ [9) (@) = [ E(Sa+2) - Ula) + p2)dz,
0
D
Ky (5@ [U) @) = [ PG ) - S(0) - p)ia
0

D
N, (5(@). W) @) = [ 100+ 2) = £(@) + p2)dz.

with D = hinae + 3Vinaz/(2a) + 2r/¢o (see Appendixes A and B for more details on where the
constant D comes from). We can now define LP. For z,y € R,

Ly (y, X(2), [U)) (2) =ak, (5(2), [U]) (z) (3.9)
- 2V(Np (X(2), [U]) (2) + K (X(), [U]) (af)) -0 (y — Kp (5(2), [U)) () -

In the same way, we define ]\pr, f{p and Np by replacing E, F' and I respectively by E, F' and I.
Similary,

Ly (3, 2(2),[U]) (2) =aF, (S(2), [U) (2) (3.10)
=2V (R, (), [0]) (@) + Ky (5(2), [0]) () 6 (3 — Ky (S(2), [0]) ()



For p = 0, we define

MU (x), [2])(z) := My(U(x),[X]) = /OD EX(x+2) —U(z))dz, (3.11)
K (2(2), [U]) (z) = Ko (5(2), [U]) (z) = /OD F(U(x - 2) = X(x))dz, (3.12)
N (X(2), [U]) (z) := No (5(2), [U]) (x) = /OD I({U(x + 2) — X(x))dz, (3.13)
and
L (y, X(x), [U]) (z) =aK (5(z), [U]) () (3.14)

=2V (N (@), [U]) (2) + K (), [U]) (=) - 6 (y — K (S(@),[U]) ()

Remark 3.5 (Remarks on the non-local operators). First let us notice that the domain of inte-
gration in the non-local operators is bounded by a constant D := hpmaz + 3Vimaz/(2a) + 21/ dg, this
comes from the fact that the velocities of the vehicles as well as the distance between two consecu-
tive vehicles from model 3.1 are bounded (see Appendiz A). In particular, there exists a constant
My > 0 (independent of p), such that we have the following bounds on the non-local operators,

—My < —aD < M,(U(z) ) <0
My > D > Kp(X(z), [U])(z) > 0,
My > D > N,(2(z), [U])(z) >0
My > aD > Ly(y, (), [U])(x) > —2Viae > —Mo,
with My = max(2Viaz, @D, D).

Finally, we would like to point out that given the fact that the function V is non-decreasing
(assumption (A2)) and that the function F > 0 and therefore K (X, [U])(x) > 0, we have

Liy, S(@), [U])(@) > -2V (N (S(2),[U)) (2))- (3.15)
Finally, we introduce for ¢ > 0,

M* (U(z OD E(S(z +e2) — Uz))dz, (3.16)
K* (S(z = /O 7 F(U(z — e2) — X(x))dz, (3.17)
NE (S(x / U+ e2) — ()i, (3.18)
i (3.19)

and
L (4, 2(@), [U)) (@) =aK* (S(x), [U]) (=) (3.20)

- 2V(NE ((X(2), [U]) (z) + K= (5(=), [U]) (w)) o (y — K5 (X(2), [U]) (z)) -

The bounds provided by Remark 3.5 remain valid for the non-local operators depending on
e>0.

Remark 3.6 (Lagrangian formulation). Another way to treat this problem is to consider a La-
grangian formulation, like in [12], considering the functions,

u(t,y) = Uy (t) and &(t,y) =X, ().



The couple (u, &) satisfies for all (t,y) € [0,T] x R

ur(t,y) = a(§(t,y) —ult,y))
&((t, y)) =a(u(t,y) — &t y) +2V (u(t,y + 1) —u(t,y)) - o(u(t, y))
u(0,y U,

We note that the system we obtain is much more simple. Nevertheless, the difficulty with this
formulation is that the function ¢ is evaluated at u(t,y) and not at a physical point of the road.
At the macroscopic scale, we then expect to get a junction condition located at u = 0. The notion
of junction in this case is not well defined and this is why we use the formulation (3.3)(where the
perturbation function is evaluated at a point of the road). This will allow us to use the results of
Imbert and Monneau [19] concerning quasi-convex Hamiltonians with a junction condition.

4 Viscosity Solutions

This section is devoted to the definition and useful results for viscosity solutions of the problems
considered in this paper. The reader is referred to the user’s guide of Crandall, Ishii, Lions [6]
and the book of Barles [5] for an introduction to viscosity solutions. In order to give a general
definition, we will give the definition of viscosity solutions for the following equation, with p € R,
and for all (¢,z) € (0,400) x R,

e+ () - My (u(t, ), [6()]) (&) - p+ e + (1= () - () = 0
&+ () - Ly (@,€(t ), [ult, ) @) - [p+ &l + (L= () - H (&) =0
u(0, ) = up(x)

£(0,2) = &o(),

(4.1)

with ¢ : R — [0,1] a Lipschitz continuous function. We also use the following notations for the
upper and lower semi-continuous envelopes of a locally bounded function w:

u*(t,x) = limsup u(s,y) and wu.(t,z) = liminf u(s,y).
s—t,y—x s—t,y—x

4.1 Definitions

Definition 4.1 (Viscosity solutions for (4.1)). LetT > 0. Letu: Rt xR - R and £ : RT xR — R
be upper semi-continuous (resp. lower semi-continuous) functions. We say that (u,§) is a viscosity
sub-solution (resp. super-solution) of (4.1) on [0,T] x R if u(0,z) < ug(z) and £(0,z) < &o(z)
(resp. u(0,2) > ug(x) and £(0,2) > &(x)) and for all (t,z) € (0,T) xR, and for any test function
0 € CH(0,T) x R) such that u — ¢ attains a local mazimum (resp. a local minimum) at the point
(t,x), we have

0,

o+ (@) - My (u(t, ), [§(¢)]) (@) - [P+ @al + (1 = $(2)) - H(pz)
T 0)7

(resp. e+ () - My (u(t, ), [t ) (2) - [+ o] + (1= 0(2)) - H(oa)

and for all (t,z) € (0,T) x R and any test function ¢ € C*((0,T) x R) such that & — ¢ attains a
local mazimum (resp. a local minimum) at the point (t,x), we have

<
>

o+ ¥(x) - Ly (2,€(t,2), [ult, )]) () - Ip + ¢ul + (1 = P(x)) - H(pa) <0,

(resp. e+ () Ly (2,€(,2), [u(t,)]) (2) - [p+ @al + (1 = 9(2)) - H(pz) 2 0).

We say that (u,&) is a viscosity solution of (4.1) if (u*,£*) and (us«, &) are respectively a sub-
solution and a super-solution of (4.1).



Proposition 4.2 (Stability result for (4.1)). Let (un, &) be a sequence of uniformly bounded upper
semi-continuous functions (resp. lower semi-continuous) and let (py), be such that p, — p. We
assume that (u,, &) is a sub-solution (resp. a super-solution) of (4.1) with p = p,. Let (u,§) =
(lim sup*u,,, limsup* &,,) (resp. (u,&) = (liminf,u,, liminf, &,)). Then (4,€&) (resp. (u,€)) is a
sub-solution (resp. a super-solution) of (4.1). B

Proof. The proof is classical and we refer to [10]. The only point to note is that both Hamiltonians
in (4.1) are monotone with respect to the non-local operators (this is a consequence of assumption
(A7) for the non-local operator K,,).

O

4.2 Viscosity solutions for (2.7)

The theory of viscosity solutions for Hamilton-Jacobi equations on networks was recently treated
in several papers. We give here some results for viscosity solutions of (2.7) that will be used in
the rest of paper and we refer to [19] for the general theory and for the proofs.

Definition 4.3 (Class of test function for (2.7)). We denote by Jo := (0, +00) X R,
JE == (0,400) x (0,400) and J, = (0,+00) x (—00,0) , we define a class of test function on
Joo by

C'(Jso) = {p € C(Jx), the restriction of ¢ to JL and to J, are C'}.

Definition 4.4 (Viscosity solution for (2.7)). An upper semi-continuous (resp. lower semi-
continuous) function u : [0,+00) x R — R is a viscosity sub-solution (resp. super-solution) of
(2.7) if u(0,2) < ug(x) (resp. u(0,2) > ug(x)) and for all (t,x) € Joo and for all ¢ € C1(Js)
such that

u<p (resp. u> @) in a neighbourhood of (t,x) € Jo and u(t,z) = ¢(t,z), we have

oi(t,2) + H(pg(t,2)) <0 (resp. >0) if x #£0
i (t,2) 4+ Fa(pa(t,07),0.(t,07)) <0 (resp. >0) if v =0.

We say that a function u is a viscosity solution of (2.7) if u* and u, are respectively a sub-solution
and a super-solution of (2.7). We refer to this solution as A-flux-limited solution.

Now we recall an equivalent definition (Theorem 2.5 in [19]) for sub and super solution at the
junction. We will also consider the following problem,

ug + H(uy) =0 fort € (0,T) and z € R\{0}. (4.2)

Theorem 4.5 (Equivalent definition for sub/super-solutions). Let H given by (2.4) and consider
A € [Hy, +o0) with Hy defined in (2.6). Given arbitrary solutions pi € R of

Hpl)=H (pl)=A=H (p*)=H @), (4.3)
let us fir any time independent test function ¢°(x) satisfying
92(0%) = pi.
Given a function u: (0,T) x R = R, the following properties hold true.
1. If u is an upper semi-continuous sub-solution of (4.2) satisfying

u(t,0)=  limsup  u(s,y), (4.4)
(t,y)—(t,0),y€J;

then u is a Hy-fluz limited sub-solution.



2. Given A > Hy and ty € (0,T), if u is an upper semi-continous sub-solution of (4.2) satisfying
(4.4) and if for any test function ¢ touching u from above at (to,0) with

p(t,z) = ¥(t) + ¢°(2), (4.5)
for some 1 € C*(0,+00), we have
e+ Fa (P (10,07) x (t0,07)) <0 at (to,0),
then w is a A-flux limited sub-solution at (tg,0).

3. Given tg € (0,T), if u is a lower semi-continuous super-solution of (4.2) and if for any test
function ¢ satisfying (4.5) touching u from above at (ty,0) we have

Sot"i_FA (SDCE (t()uo_),@m (t070+)) 20 at (t070)7

then u is a A-flux limited super-solution at (to,0).

4.3 Existence and uniqueness of viscosity solution for (4.1) with p =0

We recall that for p = 0, our equation is

u + M(u(t, z), [€(Et, )])(x) - Jug) =0  for (¢,x) € (0,400) X R,
€+ L (5, €(6,2), [u(t, ) () &2 =0 for (t,2) € (0, +00) X B,
u(0,2) = ug(x) for z eR,
£(0,2) =& () for zeR.

(4.6)

Lemma 4.6 (Existence of barriers for (4.6)). Assume (A) and (A0). There exists a constant
K > 0 such that

(u™,&7) = (uo — Kqt, & — K1t) and (u™,&%) = (uo + K1t, & + Kit) (4.7)
are respectively sub-solution and super-solution of (4.6).

Proof. We define K; = Mykq. Let us prove that (u*,£T) is a super-solution of (4.6). In fact, we
have that

uf +M(ut(t,2), [€F () (@)l > Ky — Moko = 0,

where we have used Remark 3.5 for the second inequality. Similarly, using that K > 0 and
K1 > 2||V||scko, we have that

& + Lix, &7 (t, ), [u* (¢, )]) (2)I&7] > 0.

The proof that (u=,£7) is a sub-solution is similar and we skip it.
O

Proposition 4.7 (Comparaison principle). Let T' > 0. Assume (A)-(A0). Let (u,&) and (v,()
be respectively a sub-solution and a super-solution of (4.6). We also assume that there exists a
constant C > 0 such that for all (t,z) € [0,T] x R, we have

ug(z) — Ot < u(t,x) < ug(z) + Ct, &o(z) — Ct < E(t,x) < &(z)+ Ct (4.8)
and
—ug(z) — Ct < —v(t,z) < —up(z) + Ct, —&o(x) — Ct < —((t,x) < =&(x)+Ct.  (4.9)
If
uw(0,2) <v(0,z) and £(0,z) <¢(0,z) forallx €R,
then

u(t,z) <o(t,z) and &(t,x) <{(t,x) for allx € Rt €[0,T].

10



Proof. Let us introduce

M= sup max (u(t,z) —v(t,z),&(tz) — ((t,)).
te[0,T],zeR

We want to prove that M < 0. We argue by contradiction by assuming that M > 0.

Step 1: test functions. We introduce the following test functions

N2 2
et z,y) = u(t,x) —v(t,y) — % — et (%Ey) + 72)

and

T — )2 22
vt = ) - <) - 7y - (U520 40T,

with 7,7 small parameters, and A a constant to be chosen later. We denote by ®(t,x,y) =
max (¢(t, z,y),¥(t,x,y)). Using (4.8) and (4.9) we have that

Ui ar [ —y)? z?
. - o -y
o(t, z,y) < wup(x) —up(y) + 2CT T7—¢ ¢ ( 2¢ M 2

)

§2CT+k0x—y|—n—eAt< 5 5

Tt
We have a similar result for ¢) which yields that

lim b = —0c0.
|z,|y|—+o0

Using the fact that our test functions are upper semi continuous, we can see that ® reaches a
maximum at some finite point that we denote by (¢,Z,y) € [0,T) x R x R. Classicaly we have for
7 and 7y small enough,

My = (t,7,79) > D)
|z —y|—0 as e—0,
v|Z] =0 as v —0.

Step 2: t > 0 for € small enough. By contradiction, let us assume that ® reaches its maximum
for t = 0. Let us for instance assume that ®(¢,Z,y) = (¢, Z, 7). In this case, we have

0<

SIS

_ _ n - n
< u(0,2) —v(0,y) — A kolz — gyl — T

Therefore, % < ko|x — y| and for € small enough we get a contradiction. In the same way, we get

a contradiction if we assume that ¢(¢,Z,y) = ¥(t, T, 7).

Step 3: utilisation of the equation in the case ®({,7,9) = ¢(f,7,7). By duplication of the
time variable and passing to the limit we have that there exist two real numbers a,b € R such
that

a—b= ﬁ + At <<302_€y) +7$2) (4.10)
a+ M(u(t,2), [§(, ) (@)™ (pe +72) | < 0 (4.11)

11



b+ M(u(t, ), [C(E ) (@)le pe| = 0 (4.12)

with p. = ? Combining (4.10), (4.11) and (4.12), we obtain
((@-9* z° P . - -
s At (20 4T < ety | (0090, 6 D @)~ M((E. ), 66 D) +or

(4.13)
where we have used the fact that M (u(t, ), [£(¢,-)])(Z) is finite according to Remark 3.5.
We distinguish two cases.

Case 1: there exists a subsequence 7, such that

|z — g

—0 asn— +oo.
€

In this case, taking « going to zero in (4.13) yields a contradiction.

Case 2: there exists a constant C. > 0 such that for any ~ small enough we have,

|z — | > .
£

Changing variables in (4.13) we can write

E(((t2) —v(t, y))dz

- D+

n Af(fﬁ—y)Q AT / Y
A ) o )

T AT T Sl

o D+z o
le* pe| _ E(&(t, z) —u(t,x))dz + o4(1)

_ D+y N _
< 4| / B(C(E =) — v(E,5)) — B 2) — u(f, 7))dz

+ |eAEp€| /m E(&(t, 2) —u(t,z))dz

D+
/ B, 2) — u(f, 2))d=

D+z

+ |eAZp5|

+0,(1). (4.14)

We define

A={zeR:E(({(t,z) —v(t,y) < E (£t 2) —ut,z))}.
The inequality (t,Z,y) > ¥(t, 2, 2) yields

(2 —17)? 72 22
C(tg Z) - 'U(t_, 27) Z §(t_, Z) — u({?7 i-) + eAt (( y) ) '

This implies that

¢ i 2 ((@-y* _7°
A - {lz‘ Z Raﬁ} with Ri"/ = ; ( e _’_,Y? .

Moreover R. . = R.. — |j| — 400 as v — 0 (see Da Lio et al. in [7, Lemma 2.5]). This implies
that

D+y B B 5 B B
/ B(C(E.2) — vl(f, §))dz = / B(C(E, ) — v(F. 7))d=

[, D+y)NA

4 / B(C(E 2) - v(F, §))dz.
[Q,D+Q)ﬁ¢4c
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However, from Remark 3.5, we have that for « small enough
0< / —E(C(t, 2) — v(t,g))dz = / —E(C(t, 2) —v(t,y))dz
[4,D+y)N.Ac [9,D+g]n{|z| >R+ }

—E(((t, 2 +7) —v(t,§))dz

/[VOVD]O{Z“FZ/ZRE,’Y}

N _E(C(t_7 z+ g) - ’U(Ev g))dz
[0,D]N{|z[= R~}

IN

0

We deduce that for « small enough,

D+y B B D+y _ B
/ B(CE =) — v(F, g))dz = / B, 2) — u(f, 7))dz.
Y Y
Then for v small enough (4.14) implies

n ai (@ —9)?
S RV et
T T4 T S

x B _ DJr’g B B
[ B(e(E, 2) — u(f, ))dz + / E(¢(L, 2) — u(f, ))dz| + o,

At
i,
D+zx

(7 _ 2
§2aeAt(:'E y)

+ 0~.
- Y

Choosing A = 4a, we get a contradiction.

Step 4: utilisation of equation in the case ®(¢,Z,%) = ¥ (¢, Z,7). By duplication of the time
variable and passing to the limit, we have that there exist two real numbers a,b € R such that

__n i((@—y? 7
a+ L(%,(E,7), [u(E, ) (@) - e (pe + )| <0 (4.16)
b+ L(y, £t 9), [ult,)))(@) - |e*p:| > 0 (4.17)

with p. = =%, Combining (4.15), (4.16) and (4.17), we obtain that

€

i 4TI oy (L5 €00, 5), [u(E ) @) ~ LG £ ), [lf, @) + oy (419

We recall that we defined L and L using K and V (see (3.9) and (3.10)). Therefore, we can see
that the right part of inequality (4.18) is finite (using Remark 3.5). We distinguish two cases.

Case 1: there exists a subsequence ~,, such that

[z — 9|
£

—0 asn— +oo.

In this case, taking v to zero in (4.18) yields a contradiction.
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Case 2: there exists a constant C. > 0, such that for any + small enough we have

To simplify, we introduce

L= L(z,&(t,),ul(t,))(@) L= L7 7))@,
N =Nt x), [ult,))(@) N =N ), o)) @)-

As above, we can prove
K-K<|z—y and N-N<|z—7gl
We have that

L-L=aK-2V(N+K)¢(j—K)-L
<aE+|z—g) -2V (N+K+|z—g)¢@y—K—|z—y)) - L
Sa(K+[z—y)) —2V(IN+K)o(y—K—|z—y|)-L
<oz —y[+2V(IN+K)(¢(T - K)—¢(y— K—|z—y])
< alz — g+ 2[|Vl| [1¢'llc]Z — 71, (4.19)
where we have used for the first inequality the monotonicity (see Remark 2.2). The monotonic-
ity of V yields the second inequality. The third and the final inequalities come from the definition

of L and the fact that ¢ and V are Lipschitz functions. Finally, combining (4.19) with (4.18), we
obtain

(7 _ 7)2 ()2
(71/’715—)2+A6At(x 28y) S@At(x 69) (a+2‘|v|‘m||¢/”oo)+07(1) (420)

Taking A =2 (a +2||V|| ||¢'||oc), We get a contradiction in (4.20). The proof of Proposition
4.7 is now complete.
O

We now give a comparison principle on bounded sets, to do this, we define for a given point
(to,z0) € (0,T) x R and for 7, R > 0, the set

o-

T7

E(to,wo) = (to — 7,1 +?) X (CL‘O —R7 xq —‘rﬁ)

Proposition 4.8 (Comparison principle on bounded sets for (4.6)). Assume (A). Let (u,&) be a
sub-solution of (4.6) and let (v,() be a super-solution of (4.6) on the open set Q- C (0,T) x R.
Also assume that

u<wv and §<( outside Q- f,
then
u<v and §<(¢ on Qrf.

Applying Perron’s method (see [20, Proof of Theorem 6], [2] or [18] to see how to apply
Perron’s method for problems with non-local terms), joint to the comparison principle, we obtain
the following result.

Theorem 4.9 (Existence and uniqueness of viscosity solutions for (4.6)). Assume (A0) and (A).
Then, there exists a unique solution (u,&) of (4.6). Moreover, the functions u and & are continuous
and there exists a constant K1 > 0 such that

ug(2) — K1t <wu(t,z) <wuo(x) + Kit and &o(z) — Kit <&(t,z) < &o(z) + Kit.  (4.21)
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4.4 Control of the oscillations for (4.6)

We now present a theorem that provides a control on the oscillations in space of the solution of
(4.6). This is a very important theorem, first because it will allow us to prove Theorem 3.4 and
also because it presents some of the arguments we use later to build the correctors at the junction.

Theorem 4.10 (Control of the space oscillations). Let T' > 0. Assume (A0)-(A) and let (u,&) be
the solution of (4.6) provided by Theorem 4.9. Then for oll z,y € R,z >y and for oll t € [0,T],
we have

—ko(z —y) — 1 <wu(t,z) —u(t,y) <0 (4.22)
and

—ko(z —y) =1 < &(t,2) = &(t,y) <0, (4.23)
with ko defined in (A0).
Proof. We use the following notation,

Q={(t,z,y) €[0,T] x RxR s.t. x>y}.

Proof of the upper bound. We introduce

M= sup max (U(t,l‘) - U(t,y),g(t,l’) - E(t, y)) .
(t,z,y)€EN

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
Step 1: the test functions. For 7,y > 0 small parameters, we define

Ui
o(t, z,y) = u(t,z) —u(t,y) — T—1 v — vy

and

Y(t,z,y) =&t x) — &t y) — % — vz — P

We denote by ®(t, z,y) = max (p(t, z,y), ¥(t,x,y)). For x >y, using (4.21) and (A0) we have

p(t, 2, y) < uo(z) — uo(y) + 2K, T — % —ya? —yy? 2K T —ya® —yy?

b(t,z,y) < Eola) — Eoly) + 2K, T — TL_t —qa? —yy® 2K T — 2 — .

Therefore, we deduce

im Ot x,y) = —c0.
|],]y|—=+o0

Since ¢, are upper semi continuous, ® reaches a maximum on {2 at a point that we denote by
(t,z,y). Classically we have for n and + small enough

M _
0 < ? S (I)(taf7g)a
ylz[, vyl = 0 asy— 0.
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Step 2: t >0 and Z > j. By contradiction, assume first that ¢ = 0. For instance, we assume
that ®(¢t,z,y) = ¢(t,Z,y). In this case, we have that

7 < (@) — uo(§) <0,

where we have used the fact that ug is non increasing, and we get a contradiction. In the same

way, we get a contradiction if ®(¢,7,y) = (¢, 7, 7). The fact that T > § is obtained directly using
that ®(¢,7,7) > 0.

Step 3: utilisation of the equation in the case ®(¢,Z,7) = p(t,Z,y). By duplication of
75 < s < —M(u(t ), [6(E))(@) - 2] (4.24)

725 T 0 ’ ’
where we have used the fact that M (u(t,9), [£(,)])(7) < 0. Using Remark 3.5, we have that

—M (u(t,z), [£(t,-)])(Z) is bounded. Taking ~y to zero, we get a contradiction in (4.24).

Step 4: utilisation of equation in the case ®(¢,7,y) = 1 (t,Z,y). By duplication of the
time variable and passing to the limit we get that

ﬁ < L(7,£(69), [ult, ) (@)|299] — L(Z, &5, 2), [u(t, )))(2)272]

< 2My (Ivz| + [vyl)

where we have used the bounds on L and L (see Remark 3.5). Taking 7 to zero, we get a
contradiction.

Proof of the lower bound. In order to prove our result, we will use the following lemma which
proof is postponed.

Lemma 4.11. For all (t,x) € [0,T] x R, we have

0<¢(t,z) —u(t,z) <1 (4.25)

Now we would like to prove that for all € > 0,

M = . sul)aeQ {&(t,y) —u(t,z) — (ko +e)(x —y) — 1} <0. (4.26)

In fact, if (4.26) is true, then taking ¢ to 0 and using (4.25) we directly obtain the lower inequalities
in (4.22) and (4.23). We argue by contradiction and assume that M > 0.

Step 1: the test function. For 7,7 > 0 small parameters, we define

p(t,x,y) = &(t,y) —ut,x) — (ko +e)(z —y) =1 - % — a2
Using (A0) and (4.21), we obtain that
p(t,x,y) < &o(y) —uo(x) + 2K, T — (ko +¢)(x —y) — 1 — % —
< 1+ko(x—y)+2K1T—(k0+5)(x_y)_1_TL_t_,yx2
<2K0T — yz? —e(x —y).
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Therefore, we have that for (¢,z,y) € Q

lim ot z,y) = —o0.

|],|y[ =400

Since ¢ is upper semi continuous, ¢ reaches a maximum on € at a point that we denote by (¢, Z, 7).
Classically we have for n and vy small enough

M _
0 < ? S @(taf7g)7
Y|z = 0 asy—0.

Step 2: t > 0 and T > y. By contradiction, assume first that ¢ = 0. Using (A0), we get a
contradiction writing that

1 < &o(y) = uo(@) — (ko+2)(@ —§) = 1 < 1+ ko(& —5) = (ko +)(7 = §) =1 0.
If we assume that = ¢ then, using the fact that ¢(¢,Z,7) > 0, we get that
T = T = n n n
- B [ A3 T
0<&(t, @) —ult,x) 715 T T

This inequality yields a contradiction.

Step 3: utilisation of the equation. By duplication of the time variable and passing to
the limit we get that

L—Q < M (u(t,2), [£(t,)))(&) - [29Z + ko + e = L(F, £(E, ), [u(E, )]) (@) - [ko + ¢

(T—1)
—L(gj,g(f, g)v [U(ﬂ )])(g) : |k0 + E|7

where we have used the fact that M (u(t, %), [£(t,-)])(Z) < 0. We replace L by its definition (3.14)
and using (3.15), we have

e <2V (VEED). W) @) ko + . (1.27)

Now we want to prove that N(£(t,7), [u(t,-)])(y) < ho. Indeed, if it is true, we will get a contra-
diction in (4.27) because V(h) = 0 Vh < hg. Let then z > hy.
If § + 2 > 7, then using that u(t,.) is non increasing, we get that

U(t::lj + Z) - g(ﬂ g) < U’(ﬂi‘) - 6([, g) < _kO(i‘ - g) -1<-L
If y 4+ z < 7, using the fact that p(¢,Z,7 + z) < ¢(t,Z,y), we obtain
£t g+2) —&(t,g) < —koz < —1.

Using Lemma 4.11, we get that u(t, y+2 ( 7) < —1. We deduce that I(u(t,g+2)—£(t,5)) =0

t,y+z)—
for z > hg and so N(S(7 9), [u(t, ))(H) < ho .

We now turn to the proof of Lemma 4.11.

Proof of Lemma 4.11. The proof is divided into several steps.

Step 1: proof of the lower bound. We introduce

=l

= sup {U(t, x) - E(ta CU)} :

(t,x)€[0,T]xR

We want to prove that M < 0 and argue by contradiction by assuming that M > 0.
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Step 1.1: the test function. Let 7,7 be small parameters, and A a constant to be chosen
later. We introduce

N2
n QA (r—y) 2

T—t 2 T

‘P(t’ Z, y) = u(ta LL') - g(ta y) -
Classically, ¢ reaches a maximum on [0,7] x R x R at (£, 7, ) and we have for 1,y small enough,

M _
0<?§§0(t7i.7g)7
vz —0 as~vy—0,
|z —y| —0 ase—0.

Step 1.2: ¢ > 0 for ¢ small enough. We assume by contradiction that £ = 0. We have
that

0 < uo(@) — §0(7) — 2 < kolz — 7/ - 7.

Taking € small enough, we get a contradiction.

Step 1.3: utilisation of equation. By duplication of the time variable and passing to the
limit, we get that

s+ A I AT (145,00, 90, D 5) — M6,0), 56 D) + 0,1
< A T2 (R (606, 9), [ ) () — M(u(E,2), [6E D) (@) + 0y (1),
(4.28)

where we have used the fact that V' > 0. We claim that
M (ult, ), (€5 )(@) < ale — 5l and KG9, [wE )@ <l -gl (1.29)

Indeed, for z > |Z — g/, using that £(¢,-) is non increasing and that (¢, Z, ) > 0, we have that
6({755 + Z) - u(t_7 j) < 5({7 ?j) - U(ﬂ j) <0.

Therefore, using the definition of F we obtain that (for € small enough such that |z — y| < D)

|Z—7]
_M<u(t’f)a [{(t, )])(fi) = _/O E(ﬁ(t: z + Z) - u(ﬂ j))dz < 04|j - gl

Similarly, using the fact that u(Z,-) is non increasing, for all z > |z — g|, we have that

u(ﬂﬂ - Z) - §(t7g) > u(t,f) - §(t7g) > 0.

Therefore,

. lz—g| B
0
This ends the proof of (4.29). Injecting (4.29) into (4.28), we get that
n 4t (Z — ) 4 (Z —9)°
—— 4+ A= <2 - 1).
(T —t)2 e 9e  — - or(1)

Taking A = 4a, we get a contradiction for vy small enough.
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Step 2: proof of the upper bound. We introduce

M= sup {£(t7x) - u(t?:E) - 1} .
(t,z)€[0,T)xR

We want to prove that M < 0. We argue by contradiction and assume that M > 0.
Let n,~ be small parameters. We consider

/. (z —y)? )
T—1t % e

@(tax?y) = g(t,.f) - u(tvy) -1~

Classically, ¢ reaches a maximum on [0,7] x R x R at (¢,Z,y) and we have the following result
for n and ~ small enough

M _
O < ? S @(t,i‘,g),

|yZ| = 0 asy — 0, (4.30)
|z —y| =0 ase—0.
As in the previous Step 1.2, we get that ¢ > 0.
By duplication of the time variable and passing to the limit we then get that
N < (M (ulh, 7). (€ N)(@) - L@ EE D), [uE (@) |==2] + 0,1
(T—£)2 = ( (u( 7y)a[§( ?)])(y)_ (.’IJ,E( ,.Z‘),[U( ,)])(J?)) +0V( )
o (4.31)

y‘ + 04(1),

where we have used the fact that M < 0 and (3.15). We want to prove that N(£(%,Z), [u(Z, -)])(Z)
ho. In fact for all z > hg, we have that Z + z > g for € small enough, so using that ¢(¢,7,y) >
we get that

<
0

u(t_7i' + Z) - f(t_, 57) < u(ﬂ g) - E(t_,i') <-L

We deduce that N (&(¢,7), [u(t,.)])(Z) = Oho I(u(t,z + 2) — &(t,%))dz < hg. Using that V(h) =0
for h < hg, we get a contradiction in (4.31) for v small enough.
O

5 Effective Hamiltonian and effective flux-limiter

In this section we provide a justification for the definition of the effective Hamiltonian H provided
in (2.4), we use the following proposition.

Proposition 5.1. (Homogenization left and right of the perturbation) . Assume (A). Then for
every p € [—ko, 0], there exists a unique A € R, such that there exists a bounded solution (w,x) of

{ M, (w(z), [X]) (@)[p + wa| = A zeR (5.1)

(aky (x(@), [w0]) (@) = 2V (N (x(@), [u]) (2) + Ky (@), [w]) (2)) ) Ip + Xl = A

_ -1
Moreover, for p € [—ko,0], we have A\ = H(p) = =V <> Ip|.
p

-1 -1
Proof. We claim that (w, x) = (O, Ly <)> is a solution of (5.1) for A = —|p|V <>
o p p

-If p = 0, the result is obvious.
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—p_ (-1
-If p € [—ko, 0), since Py <> +pz > 0if and only if z € [0,V (—1/p) /a], then we have
o P

M) @)= [ B (-2v () )= v (), 6:2)

—1
we recall that D = hynae+3Vinasz /(200) 421/ ¢g. Similarly, for all z > 0, we have gV (p) —pz <0
if and only if z < V (—1/p) /o, then

Ky () o) () = [ r (Zv (j) —pz) az=Lv (‘pl) . (53)

Finally, by definition we have that

N, (x(@), [w]) (2) = / 7 (Zv (‘pl) +pz> 0z

1 —1 1
First, notice that thanks to assumption (A7), for all p € [—ko,0), we have —V (> +-<0.
@

p p
— -1 -1 1
Moreover, BV () +pz>—1forz< —V <> — —. We distinguish two cases.
a P « p p
-1 -1 1 )
Case 1: —V [ — | — — < D. In this case, we have
Q p p

N, (x(@), [w]) () = —V (1> 1

@ b p

and
Np (x(2), [w]) (z) + Kp (x(2), [w]) (z) = —

Finally, using (5.2), (5.3), and (5.4), we obtain our desired result.

1
s

—1 -1 1
Case 2: —V () — — > D. In particular we have —1/p > hy;q,. Therefore, we have
& p p

Ny (x(2), [w]) () = D and Kp(x(x),[w])(x)=vzm,

this implies that

Ny (xla), ]) )+ K (@), ) () = D+ 2252 >

Combining this result to (5.3), we obtain

(aky (x(@), [w]) () = 2V (Np (x(@), [w]) (&) + K, (x(@) [w]) (2)) ) 1P| = = Vinalpl

()

Using (5.2) and (5.5), we obtain our desired result. The proof is now complete.
O

20



6 Correctors for the junction

In order to obtain an homogenization result, we need to find the effective flux-limiter. That is
why we consider the following cell problem: find A € R such that there exists a solution (w, x) of
the following Hamilton-Jacobi equation, for = € R,

M (w(z), X()]) - [we] = A
{ L(z, x(@), [w()]) () - [xa| = A (6.1)

In this section we present a result of existence of correctors for the junction, which will be used
for the proof of Theorem 3.2. We use the following notation: given A € R, A > Hy, we define two
real numbers p_ and p, defined by

_ 7+ _ _ _— J—
Hp,)=H (p)=Hp-)=H (p_)=A (6.2)
Given the form of H, there exists only one couple of real numbers satisfying (6.2).

Theorem 6.1 (Existence of global corrector for the junction). Assume (A).
i) (General properties) There exists a constant A € [Hy,0] such that there exists a solution

(w,x) of (6.1) with A = A and such that there exists a constant C > 0 and a globally Lipschitz
continuous function m such that for all x € R,

|lw(xz) —m(z)| < C and |x(z) —m(z)| <C. (6.3)

ii) (Bound from below at infinity) If A > Hy, then there exists a o > 0 such that for every
v € (0,7), we have for all x > 1+ Ve /o and h > 0,

w(x +h) —w(z) > (P —7)h,
(i 4 B) — x(@) = (5, — D (6.4)

and for v < —r — Vipae /o and h > 0,

w(@ —h) - w(x)22 (=P =), (6.5)

(iii) (Rescaling) For € > 0, we set
(o) = w (© ) = ex (2
w(w)—€w<€> and X(x)—ex(g),

then (up to a sub-sequence e, — 0) we have that w® and x° converge locally uniformly towards a
function W which satisfies

[W(z) - W(y)| <Clz—y| foralzyeR, (6.6)
H(W,)=A for all x # 0. '
In particular, we have (with W(0) =0),
W(z) =p 2l{z>0p +P_2l{z<o}- (6.7)

The proof of this theorem is postponed until Section 8.

7 Proof of convergence

This section is devoted to the proof of Theorem 3.2 which relies on the existence of correctors
provided by Proposition 5.1 and Theorem 6.1. We will use the following lemmas, the first one
being a direct consequence of Theorem 4.9.
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Lemma 7.1. (Barriers uniform in ). Assume (A0) and (A). There exist a constant K; > 0
such that for allt > 0 and x € R, we have

luf(t,x) —up(z)| < K1t and [ (t,x) — &o(x)| < Kqt (7.1)
The following lemma is a direct consequence of Theorem 4.10.

Lemma 7.2. (Uniform gradient bound). Assume (A0) and (A). Then the solution (u®,&°) of
(3.3) satisfies for allt >0, for all z,y R, x >y,

—ko(z —y) —e <w(t,x) —us(t,y)
_kO(x - y) — € S fs(t’x) - gs(t’y)

Before passing to the proof of Theorem 3.2, let us mention that Theorem 3.4 is a direct
consequence of this result joint to Theorem 3.2.

gj (7.2)

INIA

We now turn to the proof of Theorem 3.2.

Proof of Theorem 3.2. We introduce

u(t,r) = limsup*u® £(t, ) = limsup*&®,
e—0 e—0
w(t,x) = liminf «® &(¢,2) = liminf &°,
e—0 « = e—0 &

and
U = max (ﬂ,g) v = min (g, é) .

We want to prove that T is a sub-solution of (2.7) and that v is a super-solution of (2.7). Indeed,
in this case, the comparison principle will imply that v < v. But by construction v < v, hence
v = v = u’, the unique solution of (2.7). This implies that & = u = £ = { = u® and so v and &°
converge locally uniformly to u°.

To prove that 7 is a sub-solution of (2.7), we argue by contradiction and assume that there is
a point (£,Z) € (0,+00) x R and a test function ¢ € C'!(J) such that

@ on QF,F(E, f) with 7 > 0,
o —2n outside Qr7(t,z)  withn >0,
ou(t,7) + H (Z,04(t,2)) =6 >0,

where
H (5777 @x(fa f)) =

We can assume that for ¢ small enough (up to changing ¢ at infinity), we have
u, & <o —n outside Qr7(t,T). (7.4)
Using Lemmas 7.1 and 7.2 we get that the functions @ and ¢ satisfy for all ¢ > 0,
[u(t,z) —ug(x)| < K1t and |£(t,2) — ()| < Kyt for all 2 € R, (7.5)
and

—ko(x —y) <u(t,z) —u(t,y) <0 and —ko(z—y) <E&(t,z)—E&(t,y) <0 for = >y. (7.6)

We distinguish two cases.
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Case 1: T # 0. We only consider the case > 0, since the other case (z < 0) is treated in the
same way. We define p = ¢, (t, ), that according to (7.6), satisfies

—ko<p<O (7.7)
We choose 7 small enough so that z — 2r > 0. We introduce

Yo (t,2) = plt,2) — LV <p1> .

We have the following lemma.

Lemma 7.3. (p,9°) satisfies, in the viscosity sense, the inequality
on Q?7F(E7 i‘) (78)

Proof of Lemma 7.3. For all (t,z) € Qr#(t, ), we have for 7 small enough

€
lt.)+ 38 (L0020, [ (00 ) @) on b0 =1(8.0) + 07 (1)
w1 (£ | L0 ) @)

=0+ o07(1)
+ M* (f(t,x), [d:(t, )D (x) - |p| = H(p)
=A

where we have used for the first equality the regularity of the test function ¢ and the fact that
the non-local operator M¢ is bounded (see Remark 3.5) and (7.3) for the second equality.

If p = 0, we obtain directly our result. We then assume that p € [—kg,0). For all D > z > 0,
and for ¢ and 7 small enough we have that

YE(t,x +e.2) — o(t,x)
€

< pz— gv (_pl) +0r(1) + 0c(1),

where we have used the fact that ¢ € C'. Now using the fact that E is non increasing, we have

- (ws(t,l‘ +ez) - w(t,:c)> S B <pz _Py (_1) +or(1) + 05(1)> . (7.9)
€ o p
Moreover, we have that
pz — gV (;1) +o0r(1) +0:(1) >0 iff z< gV (_p1> + 0r(1) + 0=(1).

We deduce that



Using (7.9),(7.10) and the definition of H, we have for # and ¢ small enough,

l\D\Qb

820400 =V ()l + o)+ o)+ (2] = 0 0r(1) +0.(0) 2

We now prove the second inequality in (7.8). Let us notice that for ¢ small enough, using the
fact that the non-local operator K¢ is bounded (see Remark 3.5) and the definition of ¢, we have
that

3

P <5 _ K <¢E( z), [f(t, )D (g;)> =1 forall (t,2) € Qrr(f, 7).

For all (¢,z) € Qr 5 (t,

t
we
—

z), we have for 7 small enough

Q
vitta) + 1 (2 200, [£0] ) @it o) =alt.o)

1 (£ L ), [£60] ) et
=0+ o7(1)
1 (L L 0o [£0]) @ - o)
=A’

If p = 0, we obtain directly our result. We then assume that p € [—kg,0). For all D > z > 0, and
for € and 7 small enough we have that

(p(ta T — EZ) — ¢6(ta .Z')
g

<-pzt+ iV (j) +05(1) + 02(1).

Now, using the fact that F is non increasing, we have that

/ODF (‘p” i <pl> +or(1) +oe<1>) dz < K* (f(t,m, [f(t,~)}> (2)

which yields that

L, (-1 e (¥° 4
“v(— . <K= i, . .
v ( . ) +or(1) +0.(1) < K ( —(t.2), | £ (. )D () (7.11)
We now compute N¢ <w(t, x), [f(t, )}) (z). As above, and using the fact that I is non decreas-
€ €

ing, we have

Ne <d:(t,x), [g(t, )D (z) < /OD I <pz + gv (;) For(1) + 05(1)> dz. (7.12)

1
We notice that thanks to assumption (A7), for all p € [—kg,0) we have ]; + V ( p ) < 0.

-1 1 1
Using that szrBV () +o07(1)40:(1) > —1if and only if z < 7777‘/ <) +07(1)+o0.(1),
o p p « p

we have distinguish two cases.
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1 1 -1
First case: —— — =V () +07(1) +0.(1) < D. In this case,
b o p

e <¢:(t7x)’ [fﬁ’ )D (x) g/ODf (pz+ gv (pl) + 0(1) +05(1)> dz (713

< - % - év (;1) + 0r(1) + 0c(1).
Then,
& 20+ 0r(1)+ 2 (2. L 00 [£00] ) 0l - HO)
20+ o)+ (L0, [£0,9] ) )

_9v (Nf (f(t,x), [%(t, )D (z) + K* (f(t,x), [f(t, )D (w)) +V (;1) p)

>0 +o:(1)+V (;1) +07(1) + 0-(1)

oy (Nf <¢;(t,x), [f(t, )D (z) + iv (_pl) +or(1) + oe(l)> +V (;) Iyl

€

20+ 0:(0) +V (1) o+ onl) + 0x(1) =2 (= ont) 0. i+ (1)

| D

>0+ or(1) + 0:(1) > -,
where we have used the definition of L¢ for the second inequality, (7.11) combined with assumption
(AT) (see Remark 2.2) for the third inequality, (7.13) combined with the fact that V is non-
decreasing for the fourth inequality and the fact V is a Lipschitz continuous function for the last
inequality.

1 1 (-1
Second case: —— — —V () + 07:(1) + 0-(1) > D. In particular, by definition of D, we

p o p
have —1/p > hpae for € and 7 small enough. Then using (7.11) and the definition of N¢, we

obtain

3 « 9

e (f(t,x), G )D (@) <D and Y 4o (1) +0.(1) < K¢ (w:(m), [“D(tw)]) ().

Using assumption (A7) (see Remark 2.2) and the previous inequalities, we get, using the definition
of L¢, that

B (L2 o [£0)) @ =ok (Lo [£0] ) @)

g € € e
% (Nf @E(t,x), [f(t,.)D (z) + K* <w;(t,x)7 [g(t, )D (x))
>Vinaw + 05(1) 4+ 0-(1) — 2V (D 4 Yoz or(1) + os(l)>

> — Vmar + Of(l) + 05(1)'
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Therefore, we have

—1
NZ%MAU—MMM+WQ+%®+V<p>M

>0+ o7(1) + 0:(1)
0

>7a

-2

where we have used assumption (A4) (V(h) = Vipae YA > himas) and that —1/p > hpyee. This
ends the proof of Lemma 7.3.
O

Getting a contradiction. Using (7.4), we have for € small enough,
u* <p—mn and & <9 —n outside Qr (¢, ).
Using the comparison principle on bounded subsets for (3.3), we get
u* <p—n and & <y —n on Qs T).

Passing to the limit as ¢ — 0, we get u < ¢ — 7 and §<p—non Qr#(t,z) and this contradicts

the fact that v(f,z) = max (u ( z),£(t, 7)) = o(t, z).

Case 2: ¢ = 0. Using Theorem 4.5, we may assume that the test function has the following
form

o(t,x) = g(t) +P_xlipcoy + Dyxlizsoy  on Qros(t,0), (7.14)

where g is a C' function defined on (0, +00). The last line in condition (7.3) then becomes
g(t)+ F5(p_.py) =g (t) + A=0.

Let us consider (w, ¢) the solution of (6.1) provided by Theorem 6.1. We define

clr2) — g(t) + wé(z) on Qrax(t,0)
o) = {gp(t,a?) outside Q7 27(t,0), (7.15)

g(t) + ¢ (x) on Qr2:(t,0)

Vi a) = {(p(t,x) outside Q7 27(t,0). (7.16)

We have the following lemma,

Lemma 7.4. (¢,v°) satisfies in the viscosity sence, for T and & small enough on Qs 7(¢,0) ,

i+ 01 (S [ S 0] ) @) losl =
ﬁ+k(5¢@m[fwﬂ)mw@§§.

Proof of Lemma 7.4. Let h be a test function touching ¢° from below at (t1,z1) € Qr(t,0), so

we have
x1
w _— =
€

(7.17)

™ | =

(h(t1,z1) — g(t1))
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and

1
€

w(y) > = (h(t1,ey) — g(t1)),

T
for y in a neighbourhood of =L Since w does not depend on time, we have that
€

h(ti, z1) = g'(t1).

Using that (w, ¢) is a solution of (6.1), we then deduce that

haltr o) =g (0) + 3 (w (2) ,16) () - Ihaltr )| = A,
which implies
et o)+ 31 (w0 (22) . 101) (22 Pt )| 2 At g/ (1) > &,
hy(ty,z1) + M* (f(tl,xl), V;(th-)D (1) - |hg(ty, 21)| > g

Let f be a test function touching ¢ from below at (t2,z2) € Qr #(t,0). We have

s

() = 2 (Flt2,2) — gl12)
and
() 2 2 (Flt2:2y) — 9(t2))

T
for y in a neighbourhood of 22 Since ¢ does not depend on time, we have that
€

filta, m2) = ¢'(t2).
Therefore, using that (w, ) is a solution of (6.1), we get

T2 T2

filtiw2) = g'(02) + L (2,6 (2) . w]) (2) - [foltzi20)] > 4,

which implies

fltzoa) + (22,0 () ul) () foltarm) 2 A4 gulta) > .
filtayen) + 2 (2. E tgan). | £ 02,9)] ) (02) - olta )] = 5.

Getting the contradiction. We have that for ¢ small enough

ut+n<@=gt)+p_xlzcoy +Dyrlips0p  on Qr2s(t,0)\Qr (2, 0)
E+n<e@=g01) +DP_rl{zcoy +Pr2l{zs0) on Qi 2 (t t
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Using the fact that w®, (¢ — W with W(x) = p_2l{z<0} + Pr2l{z>03 (see Theorem 6.1), we
deduce that for € small enough, we have

u® + g <¢° and &+ g <¢° on Qra2:(t,0)\Qr 7(¢,0).

Combining this with (7.15) and (7.16), we get that

n n

u + 2 <¢° and £+ 2 < ¢° outside Q7 (t,0).

By the comparison principle on bounded subsets the previous inequality holds in Q7 7(¢,0). Passing
to the limit as e — 0 and evaluating the inequality in (¢,0), we obtain

a(t, 0)+727<<p(t 0) and Z(%0)+

which is a contradiction with the fact that v(t,0) = max (u

n-
5 S (t,0)
(

£,0),£(t,0)) = ¢(t,0).

8 Proof of the existence of correctors at the junction

This section contains the proof of Theorem 6.1. We proceed as in [13, 14] and we will construct
correctors on a truncated domain and then pass to the limit as the size of the domain goes to
infinity.

For | € (r,+00), r << land r < R << [ we want to find \; p € R such that there exists a
solution (wh %, x!F) of

L whB(2). WER] wh Ry —
A (whi) = A .
i e ol e
T (i = o
H (&™) =Nr
with
Gr(z, w(@),[x],q) = ¥r(x) M (w(z), [X])(2)|g] + (1 = Yr(z))H(q), (82)
Gh(z, x(2), [w],q) = Yr(@)L (z, x(2), [w]) (x)|g] + (1 — ¢r(z))H(q). (8.3)
Moreover, g € C*°, ¥ : R — [0, 1], with
Vr = { (1) SE Eiféﬁ]}z CUR -1 4e0), A0 n(@) <1V [-R R (8.4)

As in the previous sections, to G2 m We associate G2 5 which is defined in the same way but we
replace the non-local operators M and L respectively by M and L.

8.1 Comparison principle for a truncated problem

Proposition 8.1 (Comparison principle on a truncated domain). Let us consider the following
problem for r < Iy <ls and A € R, with ls >> R.

e u(e). [ u) =X
A b SR EL

' (ug) > A _— (8:5)
{HW&I)zA yo=t
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and for eg >0,

GL( ) < .
(;’?}_:i_(x’c<x)7 [’ULCI) <)A—¢gp fo € (l1a12)

fo = 12

Then if v(l1) < u(ly) and ((11) < &(l1), we have v < w and ¢ <& in [l1,1s].

Proof. Like in [13], the only new difficulty to prove this proposition is the comparison at l5. But
since near lo, the system decouples itself, we can prooceed as in [14, Proposition 4.1].
O

Remark 8.2. We have a similar result if we exchange the boundary conditions, that is to say for
lh <ly < —r and ly < —R, and if the Dirichlet condition is placed in x = ly and the following
conditions are imposed at x = 1,

S
8

§
~— Y ~—

Zf(E :ll

A}
8

)
o

ZfI = ll.

T o
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> > > v
|

g\r

|
™
o

8.2 Existence of correctors on a truncated domain

Proposition 8.3 (Existence of correctors on a truncated domain). There exists a constant
A.r € R such that there exists a solution (wh T, x"F) of (8.1) for which there exists a constant C
(depending only on ko) and a Lipschitz continuous function m“f, such that

Hy < N\ r <0,

|wl’R( ) —mbE(z) < C for all x € [—1,1],

IXbF () = mb B ()| < C forallz € [-1,1], (8.7)
[m" B (z) —mbE(y)| < Cla -yl for all z,y € [-1,1],

lwh B (z) — xbE(2)| < C for all x € [-1,1],

with Hy defined in (2.6).

Proof. Classically, we consider the approximated truncated cell problem,

6 1 5 5 8
oo L st oo B o o€ (L
5v5+ﬁ+(vg):0 o
5+ H () =0 (8:8)
5v5+H:(vg):0 P
5+ T (¢8) =0

Step 1: construction of barriers. Using that (0,0) and (Co/d,Co/d) are respectively obvious
sub and super-solution of (8.8), with Cy = |mi§ Ho(p)| = —Hp and that we have a comparison
pe

principle, we deduce that there exists a continuous viscosity solution (116, ¢%) of (8.8) which satisfies

Go
5

o

0<v’ < and 0<% < (8.9)
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Step 2: control of the oscillations of v* and (°.
Lemma 8.4. The functions v° and ¢° satisfy for all x,y € [~1,1], x >y,
—ko(z—y) —1<0°(2) =0 (y) <0 and —ko(z—y)—1< () —(°(y) <0.  (8.10)
Proof of Lemma 8.4. In the rest of the proof we will use the following notation
Q={(z,y) € [-L,1*st. z>y}.
Proof of the upper inequality. We want to prove that

M = ( su)péﬂ max (U5(1‘) —0°(y), ¢ (z) — C‘s(y)) <0. (8.11)

We argue by contradiction and assume that M > 0. Since v° and ¢’ are continuous and z,y
belong to a compact, M is reached for a finite point that we denote by (7,7) € Q. Given that
M > 0, we deduce that  # ¢. Therefore, we can use the viscosity inequalities for (8.8).

Let us for instance assume that M = v°(z) — v°(j), the other case is similar so we skip it. We
distinguish 3 cases:

-If (7, y) € (—1,1), we have

50 (%) + GR(Z,v°(2),[¢°],0) <0
50’ (y) + GR(y,v°(9),[¢°],0) > 0.

Combining these inequalities with the fact that G%(z, U, [£],0) = 0 for i = 1,2, we obtain
M <0.
If z =1 and § € [—1,1), we obtain similarly
§M <0, (8.12)

using the fact that i (0) =0.
-If € (—1,1] and § = —I, we obtain

5M§H@<O,

where we have used the fact that H (0) = Hy < 0. o
For every value of =,y we obtain a contradiction, therefore M < 0.

Proof of the lower inequalities. In order to proof these inequalities, we will use the
following lemma which proof is postponed.

Lemma 8.5. For all z € [—1,1], we have
0<((x) =o' (2) < L. (8.13)
In order to prove (8.10), using Lemma 8.5 it is sufficient to prove that

M = ( su)[éQ (Cé(y) — 0% (x) — ko(x —y) — 1) <o. (8.14)

We argue by contradiction and assume that M > 0. Since Q is compact and v and ¢° are
continuous, M is reached for a finite point that we denote by (z,%) € Q. Since M > 0, we deduce
that Z > ¢ (thanks to Lemma 8.5). Therefore, we can use the viscosity inequalities for (8.8). We
distinguish 4 cases:
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-If z,y € (—1,1), we obtain

8¢ (y) + GR(5,C° (@), [v°], —ko) <0
5’06(‘%) + G}%(ia vé(‘%)» [Cé}ﬂ _kO) > 07

combining these inequalities and using the definition of M, we obtain

OM < 6¢%(g) — 0% (z) < Gh(7,0°(7), [¢°], —ko)

~Gh(3.C (@), ), ~ko). (519
Since the non-local operator M is negative and that H(—ky) = 0 we deduce that
Gh(z,v°(2), [¢°), —ko) < 0.
We now claim that G%(7,¢°(9), [v°], —ko) > 0. Using H(—ko) = 0 and (3.15), we get that
GL@ W, V], —ko) = L(7.¢°®), [v’()]) @) - kov'r(v) 516

> =2k V (N (@), [v°()]) (@) -

Let us now prove that N(°(9),[v°()])(5) < ho. In fact, it is sufficient to prove that for all
z € (ho, D], we have

V(7 +2) - () < 1. (8.17)
First, if z > Z — ¢, using the fact that v° is non increasing and that M > 0, we obtain
C(G+2) = @) <0 @) - @) < —ko(Z—9) —1 < —1.
Second, in the case z < & — y, using the fact that
Cy+2)—0°(@) —ko(@—§—2) — 1 <) =0 (&) — ko(Z—§) — 1,
and using Lemma 8.5 we deduce that
V(G +2) = C(F) < —koz < —1. (8.18)

This implies that N(¢° (%), [v°()])(y) < ho. Using assumption (A3) (V(h = 0) if h < hg) and
injecting this result in (8.16) we get that G%(y, (°(¥), [v°], —ko) > 0. Using (8.15) we then get a
contradiction.

-If € (—1,1) and § = —I, we obtain
8¢°(y) + H (~ko) <0
0v° () + GR(®, (%), [¢°), —ko) = 0.
Using the fact that H (—ko) = 0 and that Gk (7, v (%), [¢?], —ko) < 0 we obtain §M < 0.
f z =1 and y € (—1,1), we obtain
0¢°(y) + G, ¢ (), [v°), —ko) <0
5v9(z) + H  (—ko) =0,
using that G%(gjﬁ‘s(gj), [v9], —ko) > 0 (see the first case) , and the fact that F—F(fko) < 0, we
directly obtain §M < 0.

-If z =1 and y = —I, we obtain

8¢°(y) + H (~ko) <0
0v*(&) +H ' (ko) > 0,
and so, we get 0M < 0. o
For every value of Z,y € [—[,1] we get a contradiction, therefore we have M < 0. This ends

the proof of Lemma 8.4.
O
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Step 3: construction of a Lipschitz estimate. We want to construct a Lipschitz continuous
function m?, such that there exists a constant C' > 0 (independent of [ and R) such that

[0 (x) —mi(z)| < C for all x € [—1,1],
1¢0(z) —ml(x)| < C for all z € [-1,1], (8.19)
m? () — mA ()| < Cle —y| for all 2,y € [-L,1].

We define m® as an affine function in each interval of the form [iho, (i + 1)hg], with i € Z, such
that

m®(ihg) = v°(iho) and mS((i + 1)hg) = v°((i + 1)ho).

Since m? and v° are non-increasing, and v ((i + 1)ho) — v (iho)| < koho + 1 = 2, we deduce that
for all = € [iho, (i + 1)ho),

—2 < 0°((i + 1)ho) — m°(iho) < v’ () — m’(x) <v°(iho) —m’((i + 1)ho) <2,  (8.20)
and for all z,y € [-1,1],

m? (x) —m® (y)| < 2kolz — yl-
Now using Lemma 8.5, we have
¢ (2) = m’(2)] < 3.

Choosing C' = max(2ko, 3), we obtain (8.19).

Step 4: passing to the limit as 6 goes to 0. Using (8.9), Lemma 8.5 and (8.19), we deduce
that there exists a subsequence §,, — 0 such that

5,097 (0) = =R as n — +o0o,
6, (0) = —\iR as n — +00,

m® —m®(0) = mb?  asn — +oo.

The last convergence being locally uniform. Let us consider,

@R = limsup* (v — 0% (0)) and w"® =liminf (v°» — 0% (0))
6n—0 8, —0 *

and
X0F = limsup* (€% — ¢°*(0)) and "B =liminf (¢° — ¢°(0)).
6n,—0 - 0n—0

PR wh i xBE xBR and mb T satisty

Therefore, we have that A\; g, W

Hy < \,r <0,
|@1,R _ ml,Rl < C, |M1’R _ ml,R| < C,

R —mbR| < C, |XI,R —mbR| <, (8.21)
Im3" < C,
and thanks to Lemma 8.5, we have
‘Xl7R . El’R|, |Xl’R _ wl,R <1. (8.22)

By stability of viscosity solutions, we have that (w'"® —2C, "% — 2C) and (w"%, XZVR) are respec-
tively a sub-solution and a super-solution of (8.1), and

whft — 20 < QZ’R and XZ’R —-2C < XZ’R.

By Perron’s method, we can construct a solution (w!hf, x!f) of (8.1) and thanks to (8.21) and
(8.22), mbE, whE LR and A g satisfy (8.7).
The uniqueness of \; i is classical so we skip it. This ends the proof of Proposition 8.3.
O
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Proof of Lemma 8.5. We separate the proof in two parts. This proof uses the vertex test function
of the work of Imbert and Monneau [19, Theorem 3.2] to treat the comparison between v and
¢% near —! and [. In fact, we consider that we have a network composed of a single branch with
two nodes (one in —! and the other in [). Near — we consider an outgoing branch and near [ we
consider an incoming branch.

Step 1: proof of v°(z) — ¢(°(z) <0 for all z € [~1,1]. We want to prove that

M = sup (v‘;(:c) fgé(x)) <0.
ze[—1,1]

We argue by contradiction and assume that M > 0. Given that v® and ¢ are continuous, M is
reached at a finite point that we denote by z € [—[,l]. We distinguish 3 cases according to the
position of Z in the interval [—1,].

Case 1: Z € (—1,1). We define for ¢ a small parameter,

(z—y)? 1

plr,y) = (@) = Cy) - 5 (2=2) +(y—-2)7).

Since [—1, 1] is compact and v® and (% are continuous functions, the function ¢ reaches a maximum
at a finite point that we denote by (zc,y:) € [—,{]. If we denote M. = ¢(x.,y.), by classical
arguments, we have that

lim M. =M, lim|z.—y| =0, and (x.,y.)— (Z,%) as e goes to 0. (8.23)
e—0 e—0

We can also prove that

Y
% 50 ase— 0. (8.24)

Furthermore, for ¢ small enough we have z.,y. € (—[,1), and using the viscosity inequalities
we obtain

500 (xe) + G, v (22), [C°), pe + (z- — 7)) <0
6C5(ys) + G%{(ysa Cé(ys)’ ['Ué]vps —(ye — 7)) >0,

with p. = (. —y.)/e. Combining these inequalities and using the definition of M, we obtain that

OM < G%% (Z/ea Cg(ye)a [Ué}fs = (ye — f)) Gl (3787 ($8)7 [Cé}vpe + (e — 3_3))
< (Wr(ze) — Yr(Y)Hpe) + 1Rl [H oo (Jye — 7| + |22 — )
+ R (Ye)aK (¢ (ye), [v°()]) (ye)-Ipe — e + T
—Yr(ze) M (00 (22), [C°()]) (ze) [P + Ze — Z|
< (¥r(ze) *?R(ys))H(ps) + ¥R ool [H Nl (g — Z| + |22 — 2]) (8.25)
FUR(Ye) K (€ (ye), [v° ()] (Ye)-|pel — ¥r(x) M (v (2), [¢°()]) (). Ipe |

+(04M0|y5 - 3_7‘ + %me - jD
< (Yr(we) — E/)R(ys))H(ps) +0:(1)
+¢R(y€)aK(C6(y€)7 [vé(')])(ye)'lpsl - wR(xs)M(Ué(ms)’ [Cg()])($5)|p€|

where we have replaced Gk and é%{ by their definitions, used the fact that by definition H is a
Lipschitz function and that that V' > 0 for the second inequality, used Remark 3.5 for the third
inequality and (8.23) for the last inequality.

We will compute the right part of the inequality in different steps.

1-Concerning the local operator.

(r(ze) —Yr()HW®:)| < ||DVr|ls|r: — y=|[H(p:)|
2
< 1D Vi 22 (5.26)
=o:(1)
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where we have used the regularity of ¢ for the first inequality, used the fact that by definition of

H, we have |H| < Vy,q.|p| for the second inequality and used (8.24) for the last inequality.
2-Concerning the non-local operator M. We claim that

M (v (22), [¢°()])(we) < |re — ye|. To prove this, it suffices to prove that for all z > |, — y.|

COze + 2) —v°(x2) < 0.
Using the fact that ¢? is decreasing, that z. + z > y. and that M, > 0, we obtain
Cé(xe +2) — ”6(556) < Cé(ys) - Ué(xe) <0.

Therefore we have
[Ze—yel
_wR(xE)M(vé(x6)7 [Cé])(‘%) = _¢R(x€)/0 E(Cs(xs +z) - vé(xs))dz < alze — |- (8.27)

In particular, this implies that

r(we) M (v (2e), [¢°]) () w

pel < = 0-(1). (8.28)

_ 3-Concerning the non-local operator K. We claim that
|K(CO(ye), [V ()]) (we)| < |@e — ye|. As before, it suffices to prove that for all z > |z, — .|

v (ye = 2) = ((y:) > 0.
Using the fact that v° is decreasing, that z. > y. — z and that M, > 0, we obtain
Ué(ys —z) — Cé(ys) 2 Ué(xs) - Cé(ye) > 0.

Therefore we have
wR(ye)f((C‘;(ye)a [Ué])(ys) < |xe — el (8.29)

Injecting (8.26), (8.27), and (8.29) into (8.25), we obtain M < o.(1) and we get a contradiction
for € small enough.

Case 2: x = [. In this case, we use the vertex test function introduced by Imbert and
Monneau. We refer to [19] for a detailed description of the vertex test function, but for the
readers convenience we recall the properties that we used to complete this proof. The vertex test
function G7 is associated to the single Hamiltonian H. We fix v = §M /2. It satisfies the following
properties.

1. (Regularity)

) forall ze[-11]
l =1,1

) forall yel[-I1]. (8.30)

G e C([-1,1]) { GW(@

2. (Bound from below) G7 > 0 = G(0,0).

3. (Super-linearity) There exists g : [0, +00) — R non-decreasing and such that for all (z,y) €
[7Za ”2

g(jz —y|) <G(z,y) and  lim g(@) _ +00.

a——+o00 a
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4. (Compatibility condition on the gradient)
F(ya_G;}(m’y)) —ﬁ(m,G;(x,y)) <7, (831)
with for all x € [—1,]] and p € R,

_ | H(p) ifzel-1])
H(x,p) = { T () ifr—i (8.32)

We introduce the following test function, for € > 0 a small parameter,
Ty 1 _ _
play) =" (@) = Cy) =@ (2.2) = S (@ -8 + (y—2)?).

which like before reaches a maximum at a finite point (2., y.) € [—{,[] and (8.23) remains true.
Using the viscosity equations, we have that

500 (2.) +H(mg7cg (‘i y?) + (2. —3?")) <0
6¢°(ye) + H (ys, -G7 %, f —(y= — ﬂ))) > 0.

Using the definition of M and combining the previous inequalities, we get that

oM <H (yo,~Gy (T2~ e = 9) ) — H (2,67 (. 2) + (2 - 3))

E €
< 1 (£.2)) = (2 (2.2)) 0

where we have used (8.23) combined with the fact that both H and H' are Lipschitz continuous
for the second inequality. Using the compatibility condition on the gradient of the vertex test
function (8.31) we obtain

6M S ’Y + 05(1)7

and given that v = 0M /2, we get a contradiction for & small enough.

Case 3: x = —I. This case is exactly like the previous one with the exception that the vertex
test function must be adapted to treat the junction at —I. In particular, (8.32) is replaced by

_ _ H(p) ifze (=11
Hw.p) = { H (p) ifx=-L

We skip the rest of the computation for this case.

In conclusion, we have M < 0 and for all z € [~1,1], 0 < ¢?(z) — v%(z).
Step 2: proof of (°(z) —v°(z) < 1. We want to prove that

M = sup (C‘;(x) — o (z) — 1) <o.

We argue by contradiction and assume that M > 0. Give that v and ¢ are continuous, M is
reached at a finite point that we denote by z € [—[,{]. We distinguish 2 cases according to the
position of Z in the interval [, 1].
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Case 1: z € (—1,1). We define for € a small parameter,

I — )2
pley) =00~ ) 1= C L (a2

Using the same arguments as before, the test function reaches a maximum at a finite point that
we denote by (zc,y:) € [-1,1]. If we denote M, = ¢(zc,y.) (8.23) and (8.24) remain valid.
For £ small enough we have z.,y. € (—[,1), and using the viscosity inequalities we get that

5<6(x5) + Cf%(%, Cé(xe)a ['Ué]vps) <0
6v6(ys) + G}%(ysa Ué(ya)a [Cé]apa) >0,

with p. = (2 — y-)/e. Combining these inequalities and using the definition of M, we obtain

< é}{(ysvvé(ya)v Ké]vgf) - G%((EE, Cé(me)7 [06]»175) (8.33)
< (Yr(xe) — Yr(Y:)H(pe) + 2¢r(2)V (N(C‘S(xg), [U(s()])(xa)) |pel; '

where we have replaced G% and G} by their definition and used (3.15) and that M < 0. We will
compute the right part of (8.33) in different steps.
1-Concerning the local operator. Like before, we have

SM

(Yr(ze) = ¥r(ye)) H(pe)| < ||DYRcolve — yel[H(pe)| = 02 (1). (8.34)
2-Concerning the non-local operator N. We claim that
N(¢ (o), [v° ()]) () < ho.
To prove this, it suffices to prove that for all z > hg, we have
v (ze +2) — CO(xe) < —1.

Since |xe — ye| — 0 as € goes to 0, we have for all z > hy and ¢ small enough that z. + z > y..
Therefore, we get

Ué(xe +z) - 45(336) < Ué(ye) - <6(x8) < -1,

where we have used the fact that v° is decreasing for the first inequality and the fact that M. > 0
for the second inequality. This implies that

V(N (o), () (@) < V(ho) = 0. (8.35)

Injecting (8.34) and (8.35) in (8.33), we obtain M < o.(1), and we get a contradiction for e
small enough.
Case 2: ¢ =1 of z = —I. Proceeding like in the previous step we obtain directly a contradic-
tion by using the properties of the vertex test function.
This ends the proof of Lemma 8.5.
O

Proposition 8.6 (First definition of the flux limiter). The following limits exists (up to some
sub-sequence),

Z: lim AR,

o R—4o0

AR— lim )\Rl
l—+oc0

Moreover, we have

Hy <A, AR <0. (8.36)



Proof. This proposition is a direct consequence of (8.7). O

Proposition 8.7 (Control of the slopes on a truncated domain). Assume that I and R are big
enough. Let (whT, xb1) be the solution of (8.1) given by Proposition 8.3. We also assume up to

a sub-sequence, that A = lim lim Ai,r > Ho. Then there exists vy > 0 and a constant C > 0
R—+00 =400

(independent of | and R) such that for all v € (0,v0) and for allz > r+ D, h > 0 we have

W o+ h) —w' (@) > (5, —7)h—C (87)
and

R+ h) = x"R(@) 2 (B, —1)h— C. (3.39)
Similarly, for allz < —r — D and h > 0,

w (@ —h) —w"(z) > (~p_ —7)h - C (8.39)
and

X"F(x —h) = x"(2) > (~p_ —y)h — C. (8.40)

Proof. We only do the proof of (8.37)-(8.38), since the proof of (8.39)-(8.40) is similar and we skip
it. For p > 0, small enough, we denote by p:[ the real number defined by

—= —+
H(pf)=H (p))=Nr—p (8.41)
Using that
Hy < N r <0,

we deduce that p exists for y small enough and pt € [k, 0).
Let us now consider

wt =pia,
+ ot @V -1
X - pp, a pl_i_ bl
that satisfy
Hw}) = F+(w:) =H(x}) = ﬁ+(xj;') =XNpr—p forzxeR (8.42)
. pro (-1 . .
Let us consider (w, x) = [ 0, ——=V — the correctors provided by Proposition 5.1 for p = plj‘.
o L

Given the definition of w™ and x*, we get
M(w* (@), XD (@) = M (w(z), }])(2), KO (@), [w])(2) = K1 (x(@), [w])(2),

and

and

B (o). [0 (o) =2V (KO @) [t Do) + N o). @) == ().
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Finally, given that the non-local operator K is bounded by D (see Remark 3.5), we have for all
e (r+D,1]

oz = KO (@), o) (@) = 1.
Combining the previous results, we can see that the restriction of (w™, x™) to (r+ D, ] satisfies

{ Gzz(%w( @), [x"],w ):g(p/f):’\lﬂ_“ if 2 € (r+D,1)

_ T
z, X - p =A — U
+( X (@), [w*], xd) = H(pf) = AR (8.43)
H (wg)=XNr—p if o =1
T (ot ifx =
(Xx ) l R —
Let us introduce, for some xq € (r + D, ],
— wh B — wh R () u=wr—w'(xy) —C — @ Vinas
g= W T ) and (8.44)
h=x"# bR (o) + + ko
’ V=X —w ( ) C - E Vinaz»

with C' > 0 the constant provided by Proposition 8.3. Then we have

ko

g(w) =0 > C_E Vinaz = u(zo)

and

k ro (-1
ivmaz - piv () = 'U(.’Eo),
(e (0% p

h(zg) = Xl7R(x0) - wl’R(mO) >-C>-C-

where we have used the fact that pf € [~ko,0) and |[V|[|oo < Vinae. Using that (g, k) is a solution of
(8.5) and (u,v) is a solution of (8.6) (with g = p), joint to the comparison principle (Proposition
8.1), up to changing the value of the constant C, we get that

{ wh B (z) —whB(z0) > pl(z —x0) — C
XM (@) — xR () > pf (¢ — m0) — C.

This implies that for all h > 0, and for all z € (r + D, ),

wh (x4 h) —whB(x) > pth - C
XUz + h) — xBE(x) = prh - C.

Finally, if we choose vy < [po — P, |, then we have

Hp, —~) =H By —).

Choosing p > 0 such that

we obtain (8.37)-(8.38).

Proof of Theorem 6.1. The proof is performed in two steps.
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Step 1: proof of i) and ii) We want to pass to the limit as [ — +o0 and then as R — 400 on
the solution of (8.1) given by Proposition 8.3. Using (8.3), there exists l,, — +00, such that

minf iR ) - mf as n — 4oo,
the convergence being locally uniform. We also define

w"(z) = limsup” (w'F — wl"’R(O)) , wf(z) =liminf (w™"— wl"’R(O)) ,
n—+o00 N> +00,

and

X (2) = limsup® (' — x'7(0)), x™(z) =liminf (% —x"%(0))

n——+oo - n—=400,
Thanks to (8.3), we know that these limits are finite and satisfy
mB— O <wlf<w®<mP+C. and mR—CSXRSXRSmR—i—C.

By stability of viscosity solutions (w” —2C, ¥* —2C) and (w¥, X'*) are respectively a sub-solution
and a super-solution of

Ghlz,w' (@), [x"'],w}) = Ar
{ G%(%x’*(m), [wh], x1) = ApR. (8.45)

Therefore, using Perron’s method, we can construct a solution (wR,XR) of (8.45), with mt, Ap,
w’ and x 7 satisfying

|mR(I) - mR(y)| < C“r — y| for all T,y € R7
|wi(z) — mP(x)| < C,|xf(z) —mE(z)] < C forall z € R, (8.46)
|w(z) — xT(z)| < C forallz € R, Hy < Ag < 0.

Using Proposition 8.7, if A > Hy, we know that there exists a 79 > 0 and a constant C' > 0 such
that for all v € (0,70), for all z > r+ D, and h > 0,

w(@+h) —w(@) > Py —y)h—C and xT(z+h) —x"(z) > (P, —7)h - C.
Similarly, for all xt < —r — D and h > 0,
w(@ —h) —w (@) > (=p_ —y)h = C and Xz —h) - x"(z) > (-p_ —y)h - C.

Proceeding like before, we pass to the limit as R — +o0 in order to build a solution (w, x) of
(6.1) with A = A that satisfies (6.3), (6.4) and (6.5).

Step 2: proof of iii). Let us now consider the rescaled functions w® = cw(x/e) and x*(x) =
ex(z/e). Using (6.3), we have that

Bl z () — i
we(x) =em (6) +0() and x°(z)=em (5) + O(e). (8.47)
Therefore, there exists a subsequence ¢,, — 0 as n — +00, such that

w, x** — W locally uniformly as n — +oo, (8.48)

with W(0) = 0. Proceeding as in the proof of convergence (Section 7), away from the junction
point, we have that W satisfies

H(W,)=A forx#0.

This proves (6.6). Let us now prove (6.7).
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For z < 0, we have for all v € (0,7), if A > Hy,
We<p_+7,

where we have used (6.5). Therefore, we have W, = p_ for z < 0, this equality remains valid if
A = Hy (indeed, if A = Hy, we have Dy =D_ =po=Wy).
For z > 0, we have for all v € (0,7), if A > Hy,

WZE Z§+_’y7

where we have used (6.4). Therefore, we have that W, = p, for z > 0, this result is still valid if
A = Hy.
Combining these results, we obtain (6.7).

O
Theorem 8.8 (Effective flux limiter). Assume (4). We define the following set of functions,
S ={(v,¢) s.t. 3 a Lipschitz continuous function m (with m(0)=0)
and constant C > 0 s.t. |[|[v — m||so, || — M| < C}.
Then we have
A =inf{\ € [Hy,0]: 3(v,¢) € S solution of (6.1)}. (8.49)

Proof of Theorem 8.8. Up to a sub-sequence, let A = lim lim X\, g. We want to prove that

. R—+o00 =400
A = inf E, with
E ={)\€[Hy,0]:3(v,{) € S solution of (6.1)}.

We argue by contradiction and assume that there exists A € F such that A < A. We denote by
(v*,¢*) a solution of (6.1) associated to A. Arguing as in the proof of Theorem 6.1, Step 2, we
deduce that the functions

€ _ A (T € _ M (F
W (z) = ev (5) and  (5(z) = &C (5) (8.50)
have a limit W* (with W*(0) = 0) which satisfies
HW) =X forz#0.

This means that for all z > 0, we have

_ 1 T —+
W) <p} <pp with H(p}) =H (p}) =\ (8.51)
Similarly, for all x < 0, we have
Wr>pr >p. with Hp))=H (p*)=\ (8.52)

These inequalities imply that for all v > 0, there exists a constant év such that

(p} +7)z+C, forz >0,

(P =)z +C, forz<0. (8.53)

P, < {
Using Theorem 6.1 (ii), we have for v small enough,
v <w and A<y for |x|2R
This implies that there exists a constant C'z such that for all z € R, we have

vMx) <w(z)+Cx and (M) < x(z) + Cp.
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Let us now introduce two functions (u, &) and (u?, &), defined by

u(t,z) = w(z) + Cp — At,
{ £(t,z) = x(x) + c§_ a4, ond {

uMt, ) = v (x) — M,
Nt ) = O (x) — M.

Both functions are solutions of (3.3) (with e = 1) and
ur(0,2) <u(0,z) and £*0,z) < £(0,x).
Using the comparison principle (Proposition 4.7), we obtain
v} (@) = M < w(x) — At + Cp.

Passing to the limit as ¢ goes to infinity, we get A < A, which is a contradiction.

9 Link between the system of ODEs and the PDE

This section is devoted to the proof of Theorem 3.3, which is a direct application of our convergence
result, Theorem 3.2 joint to the following result.

Theorem 9.1. Fore =1, (p,0) defined by (2.2) and (3.2) is a discontinuous viscosity solution
of the following equation

{ pt + M (p(t,x),[o(t,)]) () - |pz| =0 for (t,z) € (0,400) x R. (9.1)

o+ L(z,0(t, ), [p(t,)]) (z) - 0w = 0

The proof of Theorem 9.1 is given in Appendix B. Let us use Theorem 9.1 to do the proof of
Theorem 3.3.

Proof of Theorem 3.3. We define two functions ug and & satisfying (A0) such that

p°(0,2) = pi(z) = ¢ V‘Oé”)J and 0°(0,2) = o5(z) = ¢ fo(x)J .

3

By construction we have

Using the fact that (p°, 0¢) is a viscosity solution of (3.3) and the comparison principle (Proposition
4.7) we deduce that (with (u®, &%) the continuous solution of (3.3))

(L) < u(ta) < (F)(ta) +e and o°(ta) < €(4a) < (0°)a(t,) +e.
and therefore
Wt w) — e < pF(La) Sut(La) and (L a) - e < of(a) < E(L ).

Passing to the limit as € — 0, we get that p°,0° — u°, which ends the proof of Theorem 3.3.
O
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Appendix A Analysis of system (3.1)

In this section we present some properties of the solution (U;, E;)icz of

Uj(t) = o (8;(t) = U;(t)
. (A1)
Zj(t) = a(U;(t) — E5(1) + 2V (Ui (8) = U;(8)) - ¢ (U;(1)) -
We couple system (A.1) with an initial condition (U;(0),Z;(0)); that satisfy the following assump-
tion.

(A0’) (Initial conditions for (A.1)). Forallie€ Z,

Vma:v —_—
0 S El(()) — Ul(O) S a 5 Ul+1(0) — :1(0) 2 ho, and U1+1(0) — UZ(O) § hmaac~ (AQ)

Proposition A.1 (Bounds on the velocities of the vehicles). Assume (A) and (A0’), then the
solution (U, E;); of (A.1) satisfies for alli € Z

Vma:c
«

0<Zi(t)-Ui(t) < for allt > 0. (A.3)

Proof. Let us consider the equation satisfied by =Z; — U;

d(z; - U; -
% = 2« (:i - Uz) + 2V (Uj+1 - U]) . ¢(UJ) for all £ > 0,
Vmaflj
0 <=;(0)—U;(0) < ——.
o
Step 1: proof of the upper bound in (A.3). Using assumptions (A1), (A4), and (A6), we
notice that =; — U; is a sub-solution of

2= =20z 4 2V 4z,
Vma:c A4
z(0) = ——. (A.4)
e
By comparison, we have
Vmaw

Ei(t) = Ui(t) < z(t) = —— forallt > 0.
a

Step 2: proof of the lower bound in (A.3). Using assumptions (A1), (A3), and (A6), we
notice that Z; — U; is a super-solution of

{Z0 2 (A5)

By comparison, we have
Zi(t)—Ui(t) > 2(t) =0 forall ¢t > 0.

This ends the proof of Proposition A.1.
O

Proposition A.2 (Conservation of the order in (A.1)). Assume (A) and (A0’), then the solution
(Ui, Z4)i of (A.1) satisfies for alli € Z,

UiJrl(t) — El(t) > hg fOT allt > 0. (AG)
In particular, using Proposition A.1, this result implies that

Ui+1(t) — Uz(t) > ho and Ei+1(t) - Ei(t) > ho for allt > 0. (A?)
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Proof. We will prove that for all 6 > 0 small, we have
Ui+1(t) — El(t) >hg—96 forallt>0.

Then passing to the limit as § goes to 0 we will obtain (A.6).

Let § > 0, we argue by contradiction and assume there exists a time
tt = inf{t, s.t. 3] € 7 s.t. Uj+1(t) — Ej(t) = hg — 5}

Let us consider j € Z such that Ujq(t*) — Z;(t*) = ho — §. By continuity, there exists a time
to € [0,t*) such that

Uj+1(t0) — Ej(to) =hy and Uj+1(t) — Ej(t) S [ho — 5, ho] forall t € [to,t*].

Using Proposition A.1, in particular that U; < =;, and assumption (A7) combined with Remark
2.2, we have that

a(U; —5j) +2V (U1 = Uj) - 0(U;) <2V (Uj41 — 5j) - 6(5;) <2V (ho) - #(5;) = 0. (A.8)
This implies that (U;, Z;) satisfies for all ¢ € [to, t*],

Uj = a(E; - Uj) with Uj(to) < Ej(to)
E] S O, - = -

Therefore, we have for all ¢ € [tg, t*]
Zj(t) < Uja(to) = ho.

Using again Proposition A.1, in particular that the functions (U;); are non-decreasing in time, we
obtain that

Ei(t") < Ujya(t*) — ho,

which is a contradiction. This ends the proof of Proposition A.2.
O

Proposition A.3 (Maximal distance between two vehicles). Assume (A) and (A0’), then the
solution (U;, Z;); of (A1) satisfies for alli € Z,

3V, 2r
max = . A_
%0 + %0 for allt >0 (A.9)

In particular, using Proposition A.1, we have that for all i € Z,

Ui+1(t) - U’L (t) S hmaw +

3Vinax = 2r
%0 + % for allt > 0. (A.10)

Uia (t) = Zi(t) < hinaa +

Proof. We will prove that for all 6 > 0 small, we have for all i € Z,

3Vinaa + 2—T +6 forallt>0. (A.11)

2a Po

Passing to the limit in the previous inequality as 0 goes to 0, we will obtain (A.9).

Ui+1(t) - Uz(t) S hmaz +

Let § > 0, we argue by contradiction and assume there exists a time

2 3Vmaw
t* =inf {t st. 3j€Z st Ujpi(t) —Uj(t) > hmam+¢—r+ 3 +(5}.
0 «
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2r n 3Vinaz

Let us consider j € Z such that U;41(t*) — U;(t*) = himae + + 0. By continuity and

% 2a
(A0’), there exists a time to € [0,¢*) such that
Uj-‘rl(tO) - Uj (tO) = hmaa; (A12)
and
2 3Vimaz *
Uj+1(t) - Uj(t) € | hmaz, Mmaz + = + —490 for all t € [to,t ]
%o 20

We distinguish three cases.

Case 1: Uj(ty) € [-r,r]. The couple (U;, E;) satisfy for all ¢ € [to, "]

{ Uj = a(E; - Uj) with Uj(to) = Uj+1(to) — hn{;w A13)
Zj = (U = Z5) + 2Vinaa - $(U5), 0 < E(to) — Uj(to) < =2 -

In order to compare the distance U;;1 — U; when Uj is inside the perturbation, we consider the
worst case scenario where the vehicle j advances at a speed V4. %0 and j+ 1 advances at a speed
Vinaz, until U; > r (meaning that the vehicle j is outside the perturbation). To be more exact,
we notice that the couple (U;,Z;) is a super-solution of the following system

@ZQ(C*’U) . U(t):Uj 1(t)_hmax
{ <~: a0 — €) + Vs do, with { C(tg) :v(t-g). 0 (A.14)

Computing the solution of (A.14) we get

Vinaz _ _ Vinaz
’U(t) = 7%6 2a(t—to) _ 7% + Vmam¢0(t - tO) + U(to)

6] (6 A.15
‘;maz¢0 ef2a(t7to) ‘;mamﬁbo ( )

C(t) = — %0 + T + Vmaz¢0(t - tO) + ’U(to)

By comparison, we obtain that

Ui(t) > o(t) = Vinarfo ,—zatt—to) _ Ymaso |y o4y 4 ate). (A.16)
2a 2a
T 1 Vmax¢0 N
Let t = Vs 9, + 7 —Uj(tg) | +to. Using (A.16), we have that U;(f) > r. We now
max %0

prove that £ < t*. In fact, for all ¢ € [to, ], we have
Uj1(t) = Uj(t) < Ujsa(t) = Uj(to) < Vimaz(t = to) + Ujsa(to) — Uj(to)

1 Vmﬂx
= Vinaz <Vmax¢0 < ¢0 +r— Uj(t0)>) + Uj+1(t0) - Uj(tO)

‘/num: r— Uj (tO)
h
Vinaz 27
< —+h
—_ 2a + ¢)0 + max»
where we have used Proposition A.1 for the first line. From the previous inequality and the
definition of t*, we deduce that ¢ < t*.
The couple (U;,=Z;) satisfies for all ¢ € [t,t*],

Uj = a(E; - Uj)
{ Ej = a(Uj - E]) + 2Vmaxa (A17)

IA
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with

2l + Vmaw
b0 2 (A.18)

hmaa: S UjJrl(i) - U](f) S hmaa: +

—_ N Vmaa:
0<E;@)-Uj;(t) < :

(%

We can easily compute the explicit form of the solution of (A.18),

. ~ e—2a(t—f) Vinas . 1, .
— () + Uj(D) 5 = T2 4 Vinaa (= 1) + 5 (50) + U (D)

Vmaz
«

U;(t) = (

) +

5 o + Vinaa (t — ) + % (5,0 +U;@) .

55(0) = (550 - Uy - ==
Using Proposition A.1, for all ¢ € [£,t*], we have that
Uj+1(t) < Vmaw(t - ﬂ + Uj-&-l(f)- (A.19)

Therefore, combining the previous results, we have for all ¢ € [f, t*]

Uj-l—l(t) - Uj(t) S‘/maa:(t - {E) + Uj+1(® - Vmaac(t - ﬂ - % (E](ﬂ + UJ(@)

Vma:v — ™ ™ 6_2a(t_£) Vmax
- (T _“j(tHUj(t)) T
1 —_ n n ‘/max
<Uj41(t) — 3 (E50) +U;)) + 90,
™ ™ Vma:r

<Uja(t) = U;(t) +

9
<hmag + 2L 4 Ymoz.

oo «

where we have used Proposition A.1 for the second and third inequality and we have used (A.18) for
the last inequality. The previous inequality remains valid for ¢ = ¢t* which gives us a contradiction.

Case 2: Uj(tp) > r. In this case, the couple (U;, Z;) satisfies system (A.17) for all t € (to,t*],
with the following initial conditions

Uj (tO) = Uj+1(t0) hm‘;z (A 20)
0 < Ej(to) — Uj(to) < n;am '

As above, the explicit solution of (A.17)-(A.20) has the following form,

Vmaw —_ e—2a(t—t0) Vmaz 1 —_
Ui(t) = (2% = E5(t0) + Ujlto) ) 5 = 2% + Vinaa(t = t0) + 5 (Z,(t0) + U (to))
and
—_ —_ ‘/nm;c e—2a(t—t0) VmaJ: 1 —_
E;(t) = <:j(to) = Ujlto) = = ) 5 o T Vmaz(t = to) + 5 (E5(to) + Uj(to)) -
. . . Vma']) . . . .
Arguing as above, we will obtain U;11(t*) — U;(t*) < hymae + % which is a contradiction.

Case 3: U;(tg) < —r. We treat this case in 3 steps.
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Step 1: left of the perturbation. We denote by
i\: inf {t 2 to s.t. Uj(ﬁ) = —fr} .

For all t € [to, ], the couple (U;,Z;) satisfies (A.17)-(A.20) and therefore has the same form as
the one presented in Case 2. In particular, for all ¢ € [to, ﬂ7 we have

Vmax

Ujt1(t) = U;(t) < homae + 90

(A.21)
This implies that £ < t*.

Step 2: inside the perturbation. In the interval [£,#*], the couple (U;,Z;) satisfies (A.13)
with the following initial condition

Upia(0) = Uj(0) < P + 222
os%@—m@sﬁﬂ.
The couple (Uj, E;) is a super-solution of
{ o= a(¢ ) e { 0(E) = Upa(0) + s + 222 A
{ = a(v—=¢) +2Vinazdo, ¢(d) = v(b). @ '

Computing the solution of (A.22), and by comparison, for all ¢ € [£,t*], we have

Lmaﬂc¢0 —2a(t—f) LmaL:Jc¢0 ~
U > T - T V —
](t> 2% e 2% + maz¢0 (t ﬂ + ’U(t)

I 1 max
Let t = (V %o

max¢0 2
that £ < t*. We recall that U;(#) = —r. In fact, for all ¢ € [t,#], we have

+r— @) +t. Using (A.16), we have that U;(f) > r. We now prove

Uj+1(t) - U ( ) < UJ+1(t ﬂ < Vmax( ) + Uj+1(f) - Uj(f)
]‘ max I A A
Vs d%< 20 - UD) ) + Ui - U0
v
S A + o + hmaazv
« ®o

where we have used Proposition A.1 for the first line. From the previous inequality and the
definition of t*, we deduce that £ < t*.

Step 3: right of the perturbation. In the interval [f,¢*], the couple (U;,E;) satisfies
(A.17), with the following initial condition

Uj1(t) = U;(t) < — % + Pmac-
Proceeding like before, we can prove that for all ¢ € [£,t*], we have
3Viaw 21
i t) — i(t) < - hmazv
Uya (1) = Uy(0) < 20+ =L

which gives us a contradiction for ¢ = t*. This ends the proof of Proposition A.3.
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Appendix B Proof of Theorem 9.1

Before we give the proof of Theorem 9.1, we need the following result.

Lemma B.1 (Link between the velocities). Assume (A). Let (Uj);, (Z;);) be the solution of (3.1)
with an initial condition (U;(0),Z;(0)); satisfying (A0’). Then we have

Ui (t) = =M (u(t,U;(1)), [€ (t,)]) (U; (1)) (B.1)

and

Ej(t) = —L(55(t), € (4, E5(1)), [ult,)]) (55(1)) (B.2)

where u and & are continuous functions such that

u(t,z) = pu(t, ) = p(t,x) forx =U;(t), j € Z, (B.3)
u 1s decreasing in x, ’
E(t,x) = ou(t,x) = o(t,x) for x =E;(t), j € Z, (BA)
& is decreasing in x, ’

where p and o are defined respectively in (2.2) and (3.2) (withe =1).

Proof. We drop the time dependence to simplify the presentation. Let j € Z. We recall that we
chose D = hpas + 3Vinaa/(2a0) + 21 /¢o. Using the fact that u(¢, U;(¢)) = —(j + 1) and (B.3), we
have for all z € [0, +00),

§U; +2) —u(lU;) > &(5;) —uU;) =0 ifz€[0,5; - Uj)
f(Uy#‘Z)*U(U])SO if z € [E.j*Uj,‘FOO).
Using Proposition A.1, in particular that Z; — U; < D, we have

D
M (u(t,U;(1)), [€ (£,-)]) (Us (1)) :/0 E€(Uj+2) —u(Uj)) dz
D

= -U;
:/O E({(UjJrz)fu(Uj))der/ E(E(U; +2) — u(U;)) dz

Ej*Uj

=—a(E —-Uj).

Combining this result with (3.1), we obtain (B.1). We now turn to the proof of (B.2).
We will begin by computing K (£ (¢,Z;(t)), [u(t,-)]) (E;(t)). Using the fact that & (¢,2(t)) =
—(5+1) and (B.4), we have for all z € [0, +00),

{ uw(Z; —2) —&(55) <u(U;) —&(E;) =0 ifz€ (0,2, —Uj)
(B —2) —€(E;) 20 if 2 € [2; — Uj, +00).

Thanks to Proposition A.1, this implies that

E,-U;
K (&, E5(1)), [u(t,)]) (E;(t) = /O F(u(g;—2)-¢€(§))dz =5; - Uj.

We now turn to the computation of N (£ (t,Z;(t)),[u(t,-)]) (E;(t)). We recall that thanks to
Proposition A.2, we have Uj;1 — Z; > hy. In particular, we have that

{ u(Zj +2) —&(E)) > uUj1) —&(Ej) = -1 if2€[0,Uj41 — 5j)
U(Ej + Z) —f(Ej) < -1 if z € [Uj+1 — Ej,+OO).

Once more thanks to Proposition A.3, we obtain

Uj+1—E;

N(E(E;(1), [u(t,)]) (5;(1) = / I(u(E) +2) = €(5)))dz = Uj1 — 5.

Combining the previous results with (3.14) and (3.1), we obtain (B.2).
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Proof of Theorem 9.1. We remark that thanks to (B.3) and (B.4), we have for x = U,(t) and
y=E;(t), jei,

M (pu(t, ), [0u(t,)]) () = M (u(t, ), [£(,)]) (x) > M (u(t, ), [£(t,)]) (),

and

Z (y7 U*(ta y)a [p* (ta )D (y) = E (y7 E* (ta y)7 [U(t, )]) (y) >L (ya 5* (ta y)7 [u(t’ )]) (y)

Using Lemma B.1, and Definition 4.1, we can see that (p.,0.) is a discontinuous viscosity super-
solution of (9.1). We obtain a similar result for (p*, o*), therefore, (p, o) is a discontinuous viscosity
solution of (9.1).

O
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